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Abstract:This report displays local Tate duality for a degree-two isogeny φ : E → E ′

between elliptic curves with good reduction over a finite extension K/Qp, where p ≠ 2.
We construct the dual isogeny and the pairing on the isogeny kernels, and identify the
induced cohomological pairing with the quadratic Hilbert symbol. The key step identifies
the local Kummer images with the unramified cohomology subgroups, which correspond
in square-class coordinates to the subgroup U of unit square classes. The identity U⊥ = U
under the Hilbert symbol then yields the central orthogonality theorem: L⊥

φ = Lφ̂ and
L⊥
φ̂ = Lφ. This establishes perfect pairings between the corresponding quotients of rational

point groups and isogeny-torsion subgroups of the Weil–Châtelet groups. An explicit
example over Q5 illustrates the Kummer images and computes a nonzero local pairing
value.
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Assumptions and Notations
The following assumptions and notations are those used throughout the whole report.
(1) K: a finite extension of Qp, with p ̸= 2 and charK = 0.
(2) K: a fixed algebraic closure of K.
(3) GK = Gal(K/K): the absolute Galois group.
(4) vK : K× → Z: the normalized valuation; vK(0) = +∞.
(5) OK = {a ∈ K : vK(a) ≥ 0}: the valuation ring.
(6) mK = {a ∈ K : vK(a) > 0}: the maximal ideal of OK .
(7) ϖ: a uniformizer, so vK(ϖ) = 1 and mK = ϖOK .
(8) k = OK/mK = Fq: the residue field, of cardinality q.
(9) Kur ⊂ K: the maximal unramified extension of K.

(10) IK = Gal(K/Kur): the inertia group.
(11) Gk = Gal(k/k): the absolute Galois group of the residue field.
(12) Frobq ∈ Gk: arithmetic Frobenius, a ↦→ aq.
(13) E,E ′: elliptic curves over K, with identities O,O′.
(14) φ : E → E ′: a K-isogeny of degree two.
(15) ˆ︁φ : E ′ → E: its dual, to be constructed in the main text.
(16) M = E[φ] = ker(φ : E(K) → E ′(K)).
(17) N = E ′[ ˆ︁φ] = ker( ˆ︁φ : E ′(K) → E(K)).
(18) µ2 = {1,−1} ⊂ K×: the square roots of unity.
(19) D = 1

2Z/Z: the additive target group, with elements written 0 and 1
2 .

(20) SK = K×/K×2: the square-class group; [a] is the class of a.
(21) U = im(O×

K → SK): the subgroup of unit square classes.
(22) H i(K,A) = H i

cont(GK , A): continuous cohomology, with discrete coefficients A.
Elliptic-curve and cohomology groups are written additively; K×, SK , and µ2 are written
multiplicatively. Thus the identity in SK is 1. Good reduction is imposed only in the local
duality argument.
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1 Preliminaries
This section will give some basic definitions and theorems needed in the following sections,
including elliptic curves, local fields, Hilbert symbol and class field theory. All the materials
in this section come from Elliptic Curves and Class Field Theory by J. S. Milne

1.1 Elliptic Curves and Isogenies

Definition 1.1.1. An elliptic curve over F is a smooth, projective, geometrically con-
nected genus-one curve with O ∈ E(F ). For charF ̸= 2, it admits a model (Weierstrass
model)

y2 = f(x) = x3 + a2x
2 + a4x+ a6, O = [0 : 1 : 0], ∆ = 16 disc(f) ̸= 0.

If charF ̸= 2, 3, one may use y2 = x3 + Ax+B, with ∆ = −16(4A3 + 27B2).

If the residue characteristic is 3, eliminating x2 need not preserve integrality. Integral
models may therefore retain this term.

Theorem 1.1.2 (Group law and torsion). The point O determines a commutative algebraic
group structure on E. Put

τP (Q) = Q+ P, [n](P ) = nP, E[n] = ker([n] : E(F ) → E(F )).
For n ≥ 1, deg[n] = n2. If charF ∤ n, then [n] is separable and E[n] ≃ (Z/nZ)2 as abstract
groups.

For the model above, −(x, y) = (x,−y). If Pi = (xi, yi) and P1 +P2 = (x3, y3), the addition
formulas are

λ =

⎧⎨⎩(y2 − y1)/(x2 − x1), x1 ̸= x2,

(3x2
1 + 2a2x1 + a4)/(2y1), P1 = P2, y1 ̸= 0,

x3 = λ2 − a2 − x1 − x2, y3 = λ(x1 − x3) − y1.

The remaining cases use P + (−P ) = O and P + O = P . In odd characteristic, E[2] =
{O} ∪ {(r, 0) : f(r) = 0}.

Definition 1.1.3. An isogeny ψ : E1 → E2 is a nonconstant algebraic group homomor-
phism. Its degree is degψ = [F (E1) : ψ∗F (E2)]; it is separable when this extension is
separable.

Theorem 1.1.4 (Isogenies and quotients). Isogenies are finite and surjective, and degrees
multiply under composition. An identity-preserving nonconstant morphism between elliptic
curves is an isogeny. For a separable isogeny, # kerψ = degψ; every characteristic-zero
isogeny is separable.
If H ⊂ E(K) is a finite and Galois stable subgroup, a K-isogeny qH : E → E/H with
kernel H exists. Every K-homomorphism f : E → C of elliptic curves killing H factors
uniquely as f = f ◦ qH .

For a degree-two K-isogeny, kerψ = {O, T} and T ∈ E1(K): Galois fixes its unique nonzero
element. This implies neither rationality of all E1[2] nor surjectivity of E1(K) → E2(K).
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1.2 Local Fields and Unramified Extensions

Definition 1.2.1. The principal unit group U1 = 1 + mK is distinct from U ⊂ SK . A
chosen uniformizer gives

K× = ϖZ × O×
K , O×

K/U1 ≃ k×.

For a finite extension L/K, let e = e(L/K) and f = f(L/K) be the ramification index
and residue degree:

vL|K× = e vK , [L : K] = ef.

The extension is unramified if e = 1.

Theorem 1.2.2 (Hensel’s lemma). If F (X) ∈ OK [X] and a0 ∈ OK satisfy
F (a0) ≡ 0 (mod mK), F ′(a0) ̸≡ 0 (mod mK),

there is a unique a ≡ a0 (mod mK) with F (a) = 0.

Since p ̸= 2, applying this to X2 − u yields

U1
z ↦→z2
−−−→

∼
U1, u ∈ K×2 ⇐⇒ u ∈ k×2 (u ∈ O×

K).

Consequently,
SK ≃ (Z/2Z) ⊕ (k×/k×2), |SK | = 4, |U | = 2.

If ε ∈ O×
K has nonsquare residue, representatives are

SK = {1, ε,ϖ, εϖ}, U = {1, ε}.

Theorem 1.2.3 (Unramified extensions and inertia). Inside K, there is a unique un-
ramified extension of degree r for each r ≥ 1, with residue field Fqr . If ε is nonsquare,
K(

√
ε)/K is the unramified quadratic extension. There is an exact sequence

1 −→ IK −→ GK −→ Gk −→ 1, Gk ≃ ˆ︁Z = ⟨Frobq⟩.

Arithmetic Frobenius is a ↦→ aq; its inverse is geometric Frobenius. A lift to GK is
determined only modulo IK .

Theorem 1.2.4 (Norms). For a finite extension L/K, the norm NL/K : L× → K×

satisfies
vK(NL/Ka) = f(L/K)vL(a).

If L/K is Galois, NL/K(a) = ∏︁
σ∈Gal(L/K) σ(a). If it is unramified, then

NL/K(O×
L ) = O×

K .

These are the local-field inputs to the later Hilbert-symbol argument. No orthogonality
assertion about U is assumed here.
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1.3 Low-Degree Galois Cohomology

Definition 1.3.1 (Continuous cohomology). A discrete GK-module A has continuous
action if every element has open stabilizer. Put Cr = Mapcont(Gr

K , A), with C0 = A, and
use the differentials

(d0a)(σ) = σa− a,

(d1c)(σ, τ) = σcτ − cστ + cσ,

(d2z)(σ, τ, ρ) = σz(τ, ρ) − z(στ, ρ) + z(σ, τρ) − z(σ, τ).
Define H0(K,A) = AGK and H i(K,A) = ker di/ im di−1 for i = 1, 2.

A 1-cocycle satisfies cστ = cσ + σcτ ; a 1-coboundary is cσ = σa − a. For trivial action,
H1(K,A) = Homcont(GK , A). With multiplicative coefficients, these become cστ = cσσ(cτ )
and cσ = σ(a)/a. The modules K× and E(K) are given the discrete topology in cohomol-
ogy.

Theorem 1.3.2 (Long exact sequence). An exact sequence 0 → A → B → C → 0 of
discrete continuous modules induces

0 → AGK → BGK → CGK ∂−→ H1(K,A) → H1(K,B) → H1(K,C)
∂−→ H2(K,A) → H2(K,B) → H2(K,C) → · · · .

For c ∈ CGK and a lift b ∈ B, ∂(c) = [σ ↦→ σb − b]. Changing the lift changes the
representative by a coboundary.

Theorem 1.3.3 (Inflation–restriction). For a closed normal subgroup I ◁ G of a profinite
group, put Γ = G/I. Restriction and pullback along G → Γ give

0 → H1(Γ, AI) inf−→ H1(G,A) res−→ H1(I, A)Γ → H2(Γ, AI).

Definition 1.3.4 (Unramified classes and cup products). The unramified subgroup is

H1
ur(K,A) = ker

(︂
H1(K,A) → H1(IK , A)

)︂
≃ H1(Gk, A

IK ).

For finite A with trivial inertia action, H1
ur(K,A) ≃ A/(Frobq −1)A; for trivial GK-action,

this is Homcont(Gk, A).
A Galois-equivariant bilinear map b : A1 × A2 → C induces

H1(K,A1) ×H1(K,A2)
∪b−→ H2(K,C), (c ∪b d)(σ, τ) = b(cσ, σdτ ).

The resulting class is independent of the cocycle representatives.
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1.4 Local Class Field Theory and the Hilbert Symbol

Theorem 1.4.1 (Hilbert 90 and the local Brauer invariant). One has

H1(K,K×) = 0, Br(K) ≃ H2(K,K×), invK : Br(K) ∼−→ Q/Z.
The map invK identifies Br(K)[n] = ker(n : Br(K) → Br(K)) with 1

n
Z/Z.

Here Br(K) is the group of Brauer-equivalence classes of central simple K-algebras, with
tensor product as its operation. We use its cohomological description. On H2(K,µ2), the
notation invK denotes

H2(K,µ2) −→ H2(K,K×) invK−−→ Q/Z,

induced by µ2 ↪→ K
×; its image lies in D.

Theorem 1.4.2 (Local reciprocity). There is a continuous homomorphism with dense
image

recK : K× −→ Gab
K = Gal(Kab/K),

normalized so that a uniformizer maps to arithmetic Frobenius in the unramified quotient.
For every finite abelian extension L/K,

K×/NL/K(L×) ∼−→ Gal(L/K).

Definition 1.4.3 (Quadratic Hilbert symbol). For a, b ∈ K×, set

(a, b)K = recK(b)(
√
a)√

a
∈ µ2, hK(a, b) =

⎧⎨⎩0, (a, b)K = 1,
1
2 , (a, b)K = −1.

The action is restricted to K(
√
a). The symbol is independent of the square-root choice

and depends only on square classes.

Theorem 1.4.4 (Hilbert-symbol properties). The pairing hK : SK × SK → D is bilinear,
symmetric, and nondegenerate. In multiplicative notation,

(aa′, b)K = (a, b)K(a′, b)K , (a, bb′)K = (a, b)K(a, b′)K ,
(a, b)K = (b, a)K , (a, b)K = 1 ∀b =⇒ a ∈ K×2.

The norm criterion is
(a, b)K = 1 ⇐⇒ b ∈ NK(

√
a)/K

(︂
K(

√
a)×

)︂
.

Symmetry need not imply hK(a, a) = 0. The identification of the isogeny kernel cup
product with hK , and the calculation of U⊥, are reserved for the main text.
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1.5 Good Reduction and Formal Groups

Definition 1.5.1. An integral Weierstrass equation has coefficients in OK . The curve
E/K has good reduction if such an equation exists with ∆ ∈ O×

K ; its smooth reduction
is ˜︁E/k. Set E1(K) = ker(red : E(K) → ˜︁E(k)).

Theorem 1.5.2 (Reduction exact sequence). For good reduction, reduction is a surjective
group homomorphism:

0 −→ E1(K) −→ E(K) red−→ ˜︁E(k) −→ 0.

To reduce any point, scale projective coordinates to be integral with at least one unit.
Surjectivity follows from smoothness and Hensel lifting.

Definition 1.5.3 (Formal group and homomorphism). A one-dimensional commutative
formal group over OK is F (X,Y ) = X + Y + terms of degree ≥ 2 satisfying

F (X, 0) = X, F (0, Y ) = Y, F (X,Y ) = F (Y,X),
F (F (X, Y ), Z) = F (X,F (Y, Z)).

Its inverse series ιF (T ) = −T + · · · satisfies F (T, ιF (T )) = 0. A homomorphism f : F → G
is an element of TOK [[T ]] with f(F (X, Y )) = G(f(X), f(Y )).

Theorem 1.5.4 (Formal group at the identity). The parameter t = −x/y, extended by
t(O) = 0, identifies

E1(K) ∼−→ (mK , FE), t(P +Q) = FE(t(P ), t(Q)).
The series converge on mK , and [n]F (T ) = nT + · · · . If f(T ) = a1T + · · · has a1 ∈ O×

K , it
has a unique compositional inverse g(T ) ∈ TOK [[T ]].

Theorem 1.5.5 (Prime-to-p isogenies and unramified models). If E,E ′ have good reduction
and p ∤ degψ, a K-isogeny ψ : E → E ′ extends uniquely to a finite étale isogeny of their
smooth proper group models. Its reduction ˜︁ψ is separable and deg ˜︁ψ = degψ. Finite étale
OK-algebras are precisely finite products of integer rings of finite unramified extensions of
K.

Definition 1.5.6 (Frobenius endomorphism). For ˜︁E/Fq, let π˜︁E raise coordinates to their
qth powers. It is purely inseparable of degree q, with zero differential, and˜︁E(k) = ker(π˜︁E − 1)(k), π˜︁E′

˜︁ψ = ˜︁ψπ˜︁E
for every k-isogeny ˜︁ψ.
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1.6 Finite Pairings and Torsors

Definition 1.6.1 (Perfect pairing and orthogonal complement). Let V,W be finite groups
killed by two and B : V ×W → D be bilinear. It is perfect if the induced maps

V −→ Hom(W,D), v ↦−→ B(v,−), W −→ Hom(V,D), w ↦−→ B(−, w)
are isomorphisms; equivalently, both maps are injective. For L ⊂ V ,

L⊥ = {w ∈ W : B(ℓ, w) = 0 for all ℓ ∈ L}.
The orthogonal complement belongs to the opposite side of the pairing.

Definition 1.6.2 (Torsor). An E-torsor over K is a nonempty K-variety X with a
K-defined action E×X → X that becomes equivariantly isomorphic over K to EK acting
on itself by translations. Thus any x, y ∈ X(K) have a unique difference P ∈ E(K) with
y = x+ P . It is trivial if the equivariant isomorphism exists over K.

Theorem 1.6.3 (Torsors and first cohomology). One has
X trivial ⇐⇒ X(K) ̸= ∅, {E-torsors over K}/ ≃ ∼−→ H1(K,E(K)).

The trivial torsor corresponds to zero. For x0 ∈ X(K), its class is represented by the
cocycle determined by

σx0 = x0 + cσ, cστ = cσ + σcτ .

Replacing x0 by x0 + P changes cσ to cσ + σP − P , hence leaves the class unchanged.

Definition 1.6.4 (Weil–Châtelet group and isogeny kernels). Write H1(K,E) =
H1(K,E(K)) for the Weil–Châtelet group. A K-isogeny ψ : E1 → E2 induces

ψ∗[cσ] = [ψ(cσ)], H1(K,E1)[ψ] = ker
(︂
H1(K,E1)

ψ∗−→ H1(K,E2)
)︂
.

In particular, H1(K,E)[φ] and H1(K,E ′)[ ˆ︁φ] refer to the two different isogeny-induced
maps.
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2 Divisor Classes and Dual Isogenies

The central question in this section is: given a degree-two isogeny
φ : E −→ E ′,

how can one construct the dual isogeny ˆ︁φ : E ′ → E in the opposite direction, and
why does it correspond to pullback on divisor classes of degree zero?

We retain the standing assumptions: K/Qp is a finite extension with p ≠ 2, and φ : E → E ′

is a K-isogeny of degree two.
All divisors below are considered over K. We write (P ) for the point divisor associated
with P and [D] for the linear equivalence class of a divisor D. Put

Pic0(EK) = Div0(EK)/Prin(EK),
the group of divisors of degree zero modulo principal divisors.

2.1 Points and Divisor Classes of Degree Zero

The identity O gives a natural map
αE : E(K) −→ Pic0(EK), P ↦−→ [(P ) − (O)].

This map allows calculations with divisor classes to be translated into calculations in the
elliptic-curve group.

Proposition 2.1.1 (The Abel–Jacobi isomorphism). The map αE is a GK-equivariant
group isomorphism. For a divisor of degree zero D = ∑︁

P nP (P ), its inverse is given by
α−1
E ([D]) =

∑︂
P

nPP, (2.1)

where the sum on the right is taken in the elliptic-curve group.

In particular, a divisor D = ∑︁
P nP (P ) of degree zero satisfies the principal-divisor criterion

D is principal ⇐⇒
∑︂
P

nPP = O. (2.2)

The pullback calculation below will use this criterion directly.

2.2 Constructing the Dual Isogeny

Since φ is a degree-two isogeny in characteristic zero, it is separable and
M = kerφ = {O, T}, 2T = O.

By the preliminaries, the unique nonzero kernel point T belongs to E(K).
The key observation is that multiplication by two vanishes on M , and hence factors through
the quotient curve E/M .

Theorem 2.2.1 (Existence and uniqueness of the dual isogeny). There is a unique
K-isogeny ˆ︁φ : E ′ −→ E
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satisfying ˆ︁φ ◦ φ = [2]E. (2.3)
It has degree two and satisfies

φ ◦ ˆ︁φ = [2]E′ . (2.4)
The isogeny ˆ︁φ is called the dual isogeny of φ.

Proof. By the existence theorem for quotient curves, there is a quotient isogeny over K,
q : E −→ E/M.

Since φ vanishes on M , the universal property of the quotient gives a K-homomorphism
ι : E/M −→ E ′, φ = ι ◦ q.

Both φ and q have degree two, so multiplicativity of degrees gives deg ι = 1. A finite
morphism of degree one between smooth projective curves is an isomorphism. Thus

ι : E/M ∼−→ E ′

is a K-isomorphism.
The map [2]E also vanishes on M . Applying the universal property again gives a unique
K-homomorphism

h : E/M −→ E, h ◦ q = [2]E.
Define ˆ︁φ = h ◦ ι−1.

Then ˆ︁φ ◦ φ = h ◦ ι−1 ◦ ι ◦ q = [2]E.
Since [2]E is nonconstant, ˆ︁φ is nonconstant and hence is an isogeny. Every map in the
construction is defined over K, so ˆ︁φ is a K-isogeny.
If another isogeny ψ : E ′ → E satisfies ψ ◦ φ = [2]E, then

ψ ◦ φ = ˆ︁φ ◦ φ.
Surjectivity of φ on geometric points gives ψ = ˆ︁φ, proving uniqueness.
Multiplicativity of degrees gives

4 = deg[2]E = deg ˆ︁φ · degφ = 2 deg ˆ︁φ,
so deg ˆ︁φ = 2. Finally, since φ respects the group law,

(φ ◦ ˆ︁φ) ◦ φ = φ ◦ [2]E
= [2]E′ ◦ φ.

Surjectivity of φ again gives (2.4). Here we use surjectivity of E(K) → E ′(K), not
surjectivity on K-rational points.

The construction gives a direct description on points. For any P ′ ∈ E ′(K), choose a
preimage P . Then ˆ︁φ(P ′) = 2P. (2.5)
The other preimage is P + T , and 2(P + T ) = 2P , so this expression is independent of the
chosen preimage. The quotient-curve construction ensures that it comes from an algebraic
morphism.
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2.3 Interpreting the Dual Isogeny as Pullback

The isogeny φ also induces pullback in the opposite direction,
φ∗ : Div(E ′

K
) −→ Div(EK).

If P ′ ∈ E ′(K) and φ(P ) = P ′, then
φ−1(P ′) = {P, P + T}.

These points are distinct, and the total multiplicity of the fiber is two, so each has
multiplicity one. Thus

φ∗((P ′)) = (P ) + (P + T ), φ∗((O′)) = (O) + (T ). (2.6)

Pullback satisfies
deg(φ∗D′) = 2 deg D′, div(f ◦ φ) = φ∗(div(f)).

It therefore preserves divisors of degree zero and takes principal divisors to principal
divisors, inducing

φ∗ : Pic0(E ′
K

) −→ Pic0(EK).

Theorem 2.3.1. Under the Abel–Jacobi isomorphisms,ˆ︁φ = α−1
E ◦ φ∗ ◦ αE′ . (2.7)

Proof. Let P ′ ∈ E ′(K) and choose P ∈ E(K) with φ(P ) = P ′. By (2.6),
φ∗
(︂
(P ′) − (O′)

)︂
= (P ) + (P + T ) − (O) − (T ).

By Proposition 2.1.1, the point corresponding to the divisor class on the right is
P + (P + T ) −O − T = 2P.

Therefore
α−1
E

(︂
φ∗
(︂
αE′(P ′)

)︂)︂
= 2P.

On the other hand, the defining identity for the dual isogeny givesˆ︁φ(P ′) = ˆ︁φ(φ(P )) = 2P.
These equalities hold for every P ′, proving (2.7).

This identity explains the reversal of direction: φ sends points of E to points of E ′, whereas
pullback sends divisor classes on E ′ to divisor classes on E. After identifying each curve
with its group of divisor classes of degree zero, this reverse map is precisely the dual
isogeny.
The decisive calculation is

(P ) + (P + T ) − (O) − (T ) ↦−→ P + (P + T ) −O − T = 2P.
In the difference of the two fibers, the contributions of the kernel point T cancel. The
remaining double agrees with the identity ˆ︁φ ◦ φ = [2]E.

2.4 The Dual Kernel and Functions for the Pairing

Put
M = E[φ], N = E ′[ ˆ︁φ].

We record two consequences that will be used directly in the subsequent sections.
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Corollary 2.4.1. There is a short exact sequence of GK-modules
0 −→ M −→ E[2] φ−−→ N −→ 0. (2.8)

Both M and N are groups of order two with trivial Galois action.

Proof sketch. The identity ˆ︁φ ◦ φ = [2]E gives φ(E[2]) ⊆ N . Conversely, if S ′ ∈ N , choose
a preimage P . Then 2P = ˆ︁φ(S ′) = O, so P ∈ E[2] and N = φ(E[2]). The kernel of
the restricted map is M , proving exactness. The maps are defined over K and hence are
Galois-equivariant.
Since |E[2]| = 4 and |M | = 2, we have |N | = 2. The Galois action must fix the unique
nonzero point of each kernel, so both actions are trivial.

Corollary 2.4.2. For every S ′ ∈ E ′(K),

S ′ ∈ N ⇐⇒ φ∗
(︂
(S ′) − (O′)

)︂
is principal. (2.9)

Proof sketch. Theorem 2.3.1 gives[︂
φ∗
(︂
(S ′) − (O′)

)︂]︂
= αE( ˆ︁φ(S ′)).

Since αE is a group isomorphism, the left-hand side is zero if and only if ˆ︁φ(S ′) = O, or
equivalently S ′ ∈ N .

Thus, for every S ′ ∈ N , one can choose gS′ ∈ K(E)× such that

div(gS′) = φ∗
(︂
(S ′) − (O′)

)︂
. (2.10)

The function is unique up to multiplication by a nonzero constant: the quotient of two
functions with the same divisor has no poles and is therefore constant on the smooth
projective curve.
Equation (2.10) is the starting point for the kernel pairing. We will compute gS′ for an
explicit degree-two isogeny and then study how translation by a kernel point acts on it,
obtaining

eφ : M ×N −→ µ2.

In this way, the geometric duality described by divisor pullback enters Galois cohomology
and can be connected with the Hilbert symbol.

14



3 Degree-Two Isogenies and the Kernel Pairing
In the preceding section, we interpreted the dual isogeny in terms of pullback on divisor
classes and proved that, for every

S ′ ∈ N = E ′[ ˆ︁φ],
the divisor

φ∗
(︂
(S ′) − (O′)

)︂
is principal.
Starting from this observation, we construct a Galois-equivariant perfect pairing

eφ : M ×N −→ µ2, M = E[φ], N = E ′[ ˆ︁φ].
We first give an explicit pair of degree-two isogenies, then establish the properties of the
kernel pairing in general, and finally return to the example for an explicit computation.
No good reduction assumption is needed in this section.

3.1 An Explicit Pair of Degree-Two Isogenies

Consider the elliptic curves
E : y2 = x3 − x, E ′ : v2 = u3 + 4u,

and write
T = (0, 0) ∈ E(K), T ′ = (0, 0) ∈ E ′(K).

Their discriminants are
∆E = 64, ∆E′ = −4096,

so both curves are nonsingular over a field of characteristic zero.

Proposition 3.1.1. The rational formulas

φ(x, y) =
(︃
x− 1

x
, y

(︃
1 + 1

x2

)︃)︃
and

ˆ︁φ(u, v) =
(︄
u2 + 4

4u ,
v(u2 − 4)

8u2

)︄
extend to degree-two isogenies defined over K,

φ : E −→ E ′, ˆ︁φ : E ′ −→ E.

Their kernels are
kerφ = {O, T}, ker ˆ︁φ = {O′, T ′},

and they are dual to each other.

Proof. We first verify that the first formula takes values on E ′. Put

u = x2 − 1
x

, v = y(x2 + 1)
x2 .

Using y2 = x(x2 − 1), we obtain

v2 = (x2 − 1)(x2 + 1)2

x3 .
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On the other hand,

u3 + 4u = (x2 − 1)3 + 4x2(x2 − 1)
x3

= (x2 − 1)(x2 + 1)2

x3 .

Thus the first formula defines a nonconstant rational map from E to E ′.
For the second formula, put

X = u2 + 4
4u , Y = v(u2 − 4)

8u2 .

Since v2 = u(u2 + 4), we have

Y 2 = (u2 + 4)(u2 − 4)2

64u3 .

Moreover,

X3 −X =
(u2 + 4)

(︂
(u2 + 4)2 − 16u2

)︂
64u3

= (u2 + 4)(u2 − 4)2

64u3 .

Hence the second formula also defines a nonconstant rational map, this time from E ′ to E.
Because the source curves are smooth and the target curves are projective, both rational
maps extend uniquely to morphisms on the entire curves. We now determine their values
at the identities and at the points where the displayed denominators vanish.
On E, the function x has a pole of order two at O and a zero of order two at T .
Consequently,

u ◦ φ = x− 1
x

has poles precisely at O and T . Since the only pole of u on E ′ is O′, we obtain
φ(O) = φ(T ) = O′.

Every other affine point has an image with finite coordinates, so
φ−1(O′) = {O, T}.

In particular, φ preserves the identity and is therefore an isogeny. In characteristic zero,
an isogeny is separable and its degree equals the order of its geometric kernel. Thus

degφ = 2.

For ˆ︁φ, the function

x ◦ ˆ︁φ = 1
4

(︃
u+ 4

u

)︃
has poles precisely at O′ and T ′. The same argument givesˆ︁φ(O′) = ˆ︁φ(T ′) = O,

and
ker ˆ︁φ = {O′, T ′}, deg ˆ︁φ = 2.

It remains to verify the duality relation. On E, the slope in the duplication formula is

λ = 3x2 − 1
2y .
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Substituting this into the group-law formulas and simplifying yields

[2]E(x, y) =
(︄

(x2 + 1)2

4y2 ,
(x2 + 1)(x4 − 6x2 + 1)

8y3

)︄
.

Substituting the coordinates of φ into ˆ︁φ gives the same expression. Thereforeˆ︁φ ◦ φ = [2]E
on a dense open subset, and hence as morphisms on the entire curve.
By the uniqueness of the dual isogeny established in the preceding section, this ˆ︁φ is the
dual of φ, and

φ ◦ ˆ︁φ = [2]E′ .

3.2 Constructing the Kernel Pairing by Divisor Pullback

We now return to a general degree-two isogeny
φ : E −→ E ′.

Write
M = {O, T}, N = {O′, T ′}.

Each kernel has a unique nonzero point and is stable under the Galois action. Consequently,
T ∈ E(K), T ′ ∈ E ′(K).

For S ′ ∈ N , put
DS′ = (S ′) − (O′).

By the result of the preceding section, we may choose
gS′ ∈ K(E)×

such that
Div(gS′) = φ∗DS′ .

For S ′ = O′, take gO′ = 1.
Let S ∈ M . Since φ(S) = O′, translation by S satisfies

φ ◦ τS = φ, τS(P ) = P + S.

It follows that
Div(gS′ ◦ τS) = τ ∗

S Div(gS′)
= τ ∗

Sφ
∗DS′

= φ∗DS′ .

Thus gS′ ◦ τS and gS′ have the same divisor, so their quotient is a nonzero constant.
We therefore define

eφ(S, S ′) = gS′ ◦ τS
gS′

.

The right-hand side denotes the constant determined by this quotient of rational functions.
At any point P avoiding the relevant zeros and poles, it may be evaluated as

eφ(S, S ′) = gS′(P + S)
gS′(P ) .
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Proposition 3.2.1. This construction gives a Galois-equivariant bilinear pairing
eφ : M ×N −→ µ2

that is independent of the choice of the auxiliary functions.

Proof. We first prove independence of the auxiliary function. If ˜︁gS′ has the same divisor
as gS′ , then ˜︁gS′ = c gS′ (c ∈ K

×).
Hence ˜︁gS′ ◦ τS˜︁gS′

= gS′ ◦ τS
gS′

.

Next, write eφ(S, S ′) = c. By definition,
gS′ ◦ τS = c gS′ .

Since 2S = O, translating once more gives
gS′ = c2gS′ .

Therefore c2 = 1, so the pairing takes values in µ2.
For the first variable, evaluation at a general point P gives

eφ(S1 + S2, S
′) = gS′(P + S1 + S2)

gS′(P )

= gS′(P + S1 + S2)
gS′(P + S2)

gS′(P + S2)
gS′(P )

= eφ(S1, S
′)eφ(S2, S

′).

For the second variable, let A′, B′ ∈ N . Since the Abel–Jacobi map is a group homomor-
phism, the divisor

DA′ +DB′ −DA′+B′

is principal. Choose f ∈ K(E ′)× such that
Div(f) = DA′ +DB′ −DA′+B′ .

Comparing divisors shows that, for some nonzero constant c,
gA′gB′ = c gA′+B′(f ◦ φ).

Compose both sides with τS and divide by the original identity. Since
f ◦ φ ◦ τS = f ◦ φ,

we obtain
eφ(S,A′)eφ(S,B′) = eφ(S,A′ +B′).

This proves linearity in the second variable.
Finally, let σ ∈ GK . Because φ is defined over K,

Div(σgS′) = φ∗DσS′ .

Thus σgS′ is a valid auxiliary function for the second argument σS ′. Independence of the
choice of auxiliary function now gives

eφ(σS, σS ′) = σ
(︂
eφ(S, S ′)

)︂
,

which is the required Galois equivariance.
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3.3 Nondegeneracy of the Kernel Pairing

Theorem 3.3.1. The pairing
eφ : M ×N −→ µ2

is perfect, and
eφ(T, T ′) = −1.

Proof. Both groups have order two, so it is enough to prove that
eφ(T, T ′) ̸= 1.

Suppose instead that eφ(T, T ′) = 1. Then
gT ′ ◦ τT = gT ′ ,

so gT ′ is invariant under translation by the kernel.
Put

F = K(E), F0 = φ∗K(E ′).
Since degφ = 2, we have [F : F0] = 2. Translation by T induces a nontrivial F0-
automorphism of F , and therefore

F ⟨τ∗
T ⟩ = F0.

Consequently, there exists f ∈ K(E ′)× such that
gT ′ = f ◦ φ.

Taking divisors yields
φ∗(Div f) = Div(gT ′) = φ∗

(︂
(T ′) − (O′)

)︂
.

Pullback by a finite surjective morphism is injective on divisor groups. Indeed, the
coefficient of a point is multiplied by a positive ramification index at each point above it,
so a nonzero coefficient cannot disappear under pullback. Thus

Div f = (T ′) − (O′).
By the principal-divisor criterion from the preceding section, this would imply T ′ = O′,
contrary to the choice of T ′ as the nonzero kernel point.
Hence

eφ(T, T ′) = −1.
Together with bilinearity, this determines the entire pairing:

eφ(iT, jT ′) = (−1)ij, i, j ∈ {0, 1}.
The nonzero element on either side pairs to −1 with the nonzero element on the other
side. The pairing is therefore nondegenerate on both sides, and it is perfect because both
groups are finite.

We obtain Galois-equivariant isomorphisms
N

∼−→ Hom(M,µ2), S ′ ↦−→
(︂
S ↦→ eφ(S, S ′)

)︂
,

and
M

∼−→ Hom(N,µ2).
Thus the kernels of an isogeny and its dual are naturally dual through this pairing.
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3.4 An Explicit Computation in the Running Example

Return to
E : y2 = x3 − x, E ′ : v2 = u3 + 4u.

Put
P+ = (1, 0), P− = (−1, 0).

The isogeny formulas give
φ−1(T ′) = {P+, P−}, φ−1(O′) = {O, T}.

Each point in these fibers occurs with multiplicity one. Hence
φ∗
(︂
(T ′) − (O′)

)︂
= (P+) + (P−) − (O) − (T ).

On the other hand,
Div(x) = 2(T ) − 2(O),

and
Div(y) = (T ) + (P+) + (P−) − 3(O).

Therefore
Div

(︃
y

x

)︃
= (P+) + (P−) − (T ) − (O).

We may consequently take
gT ′ = y

x
in the construction of the kernel pairing.
We next compute τT . The line through (x, y) and T = (0, 0) has slope y/x, so the addition
formulas give

x(P + T ) = y2

x2 − x = −1
x

and
y(P + T ) = y

x

(︃
x+ 1

x

)︃
− y = y

x2 .

Thus
τT (x, y) =

(︃
−1
x
,
y

x2

)︃
.

It follows that

gT ′ ◦ τT = y/x2

−1/x = −y

x
,

and hence
eφ(T, T ′) = gT ′ ◦ τT

gT ′
= −1.

This calculation shows that the nontrivial kernel translation preserves the divisor of the
function while multiplying the function itself by −1. The kernel pairing records precisely
this change.
Finally, we record two identities for later use:(︃

y

x

)︃2
= x3 − x

x2 = x− 1
x

= u ◦ φ,

and (︃
v

2u

)︃2
= u3 + 4u

4u2 = u2 + 4
4u = x ◦ ˆ︁φ.

20



The function y/x used to construct the kernel pairing is also a square root of the pullback
of the coordinate function u. In the later derivation of the Kummer maps, this relation
will translate the Galois action on division points into sign changes of square roots.
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4 Hilbert Symbols and the Cohomological Pairing on
the Kernels

The preceding section constructed a Galois-equivariant perfect pairing
eφ : M ×N −→ µ2.

By the cup product, it induces a pairing
H1(K,M) ×H1(K,N) −→ H2(K,µ2).

Composing with the local invariant map gives a pairing with values in

D = 1
2Z/Z.

We will show that, in square-class coordinates, this pairing is the quadratic Hilbert symbol
defined in the preliminaries using local reciprocity. We will then prove

U⊥ = U.

4.1 Kummer Theory for the Multiplicative Group and Square-
Class Coordinates

Consider the short exact sequence

1 −→ µ2 −→ K
× z ↦→z2

−−−→ K
× −→ 1.

Hilbert’s Theorem 90 gives
H1(K,K×) = 0.

The associated long exact sequence in cohomology therefore yields an isomorphism
κ : SK = K×/K×2 ∼−→ H1(K,µ2).

Explicitly, for a ∈ K×, choose α ∈ K with α2 = a. Then

κ([a]) =
[︃
σ ↦−→ σα

α

]︃
.

Changing the choice of square root does not change this cocycle. Multiplying a by a square
in K likewise leaves its cohomology class unchanged.
The same long exact sequence gives

H2(K,µ2) ∼−→ Br(K)[2].
Together with the local invariant map, this yields

H2(K,µ2) ∼−→ D.

Since M and N are groups of order two with trivial Galois action, we have isomorphisms
ιM : M ∼−→ µ2, O ↦→ 1, T ↦→ −1,

and
ιN : N ∼−→ µ2, O′ ↦→ 1, T ′ ↦→ −1.

We thus obtain isomorphisms
κM : SK ∼−→ H1(K,M), κN : SK ∼−→ H1(K,N).
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For a ∈ K×, define the quadratic character
χa : GK −→ Z/2Z

by
σ(

√
a)√
a

= (−1)χa(σ).

The two isomorphisms above can then be written as
κM([a]) =

[︂
σ ↦→ χa(σ)T

]︂
and

κN([a]) =
[︂
σ ↦→ χa(σ)T ′

]︂
.

Since
eφ(iT, jT ′) = (−1)ij,

these identifications carry the kernel pairing to the bilinear map
µ2 × µ2 −→ µ2,

(︂
(−1)i, (−1)j

)︂
↦−→ (−1)ij.

4.2 Constructing the Cohomological Pairing

Define
Bφ : H1(K,M) ×H1(K,N) −→ D, Bφ(ξ, η) = invK(ξ ∪eφ η).

The cup product is well-defined on cohomology classes, and the kernel pairing is bilinear.
Thus Bφ is also bilinear.
If c and d represent ξ and η, respectively, their cup product is represented by the 2-cocycle

(c ∪eφ d)(σ, τ) = eφ(cσ, σdτ ).

In particular, take
ξ = κM([a]), η = κN([b]).

The Galois action on N is trivial, so
(c ∪eφ d)(σ, τ) = (−1)χa(σ)χb(τ).

Writing
za,b(σ, τ) = (−1)χa(σ)χb(τ),

we therefore have
Bφ

(︂
κM([a]), κN([b])

)︂
= invK([za,b]).

We now show that this invariant is precisely hK(a, b).

Theorem 4.2.1. For all a, b ∈ K×,
Bφ

(︂
κM([a]), κN([b])

)︂
= hK(a, b).

Proof. We use the compatibility between local reciprocity and cup products. Let
ψ : GK −→ Q/Z

be a continuous character of finite order, and let
∂ψ ∈ H2(K,Z)
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be its image under the connecting homomorphism associated with
0 −→ Z −→ Q −→ Q/Z −→ 0.

Then
invK(b ∪ ∂ψ) = ψ(recK(b)), b ∈ K×.

Here the coefficient pairing is (b,m) ↦→ bm.
We relate za,b to this formula by an explicit cochain calculation.
Choose the integer representatives

Aσ, Bσ ∈ {0, 1}
of χa(σ) and χb(σ), respectively, and define

ψa(σ) = Aσ
2 (mod Z).

Since
Aστ = Aσ + Aτ − 2AσAτ ,

the rational lift Aσ/2 shows that ∂ψa is represented by the integer-valued 2-cocycle
Aσ + Aτ − Aστ

2 = AσAτ .

Hence b ∪ ∂ψa is represented by
fa,b(σ, τ) = bAσAτ .

Choose β ∈ K
× with β2 = b, and define a 1-cochain

rσ = (σβ)−Aσ .

Using
στβ

σβ
= (−1)Bτ ,

we compute

(dr)(σ, τ) = rσ σ(rτ )
rστ

=
(︄
στβ

σβ

)︄Aσ

(στβ)−2AσAτ

= (−1)AσBτ b−AσAτ

= za,b(σ, τ)fa,b(σ, τ)−1.

Thus za,b and fa,b represent the same class in
H2(K,K×).

Applying the compatibility formula from local class field theory gives
Bφ

(︂
κM([a]), κN([b])

)︂
= invK([za,b])
= invK([fa,b])
= ψa(recK(b)).

By the definition of ψa, the last expression is⎧⎪⎪⎨⎪⎪⎩
0, recK(b)(

√
a) =

√
a,

1
2 , recK(b)(

√
a) = −

√
a.
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The definition in the preliminaries is

(a, b)K = recK(b)(
√
a)√

a
.

It follows that
ψa(recK(b)) = hK(a, b),

as required.

This theorem makes the connection between the kernel pairing and the Hilbert symbol
visible at the cocycle level. The value

eφ(T, T ′) = −1
produces the 2-cocycle

(−1)χa(σ)χb(τ),

and the local invariant converts its cohomology class into the sign with which the reciprocity
map acts on a square root.

Corollary 4.2.2. The pairing
Bφ : H1(K,M) ×H1(K,N) −→ D

is perfect.

Proof. Kummer theory identifies both sides with SK . Suppose
ξ = κM([a])

pairs trivially with every element on the right. The preceding theorem implies
hK(a, b) = 0 for every b ∈ K×.

Nondegeneracy of the Hilbert symbol gives a ∈ K×2, hence ξ = 0. The same argument on
the other side shows that the right kernel is also zero.
Thus Bφ is nondegenerate on both sides. Since

|H1(K,M)| = |H1(K,N)| = |SK | = 4,
it is a perfect pairing of finite groups.

4.3 The Orthogonal Complement of the Unit Square Classes

Recall that
U = im

(︂
O×
K −→ SK

)︂
.

Because the residue characteristic is not two, the preliminaries give
|SK | = 4, |U | = 2.

Lemma 4.3.1. For all u, v ∈ O×
K ,

hK(u, v) = 0.

Proof. If u ∈ K×2, the assertion is immediate.
Suppose u /∈ K×2. By Hensel’s lemma, its residue class is also a nonsquare. Consequently,

L = K(
√
u)

25



is the unramified quadratic extension of K.
The norm map on units of an unramified extension is surjective, so

v ∈ NL/K(O×
L ) ⊆ NL/K(L×).

The norm criterion for the Hilbert symbol gives
(u, v)K = 1,

or equivalently hK(u, v) = 0.

Theorem 4.3.2. With respect to the Hilbert-symbol pairing, the unit square-class subgroup
satisfies

U⊥ = U.

Proof. The preceding lemma shows that the pairing vanishes on every pair of unit square
classes. Therefore

U ⊆ U⊥.

Choose a unit ε ∈ O×
K whose residue class is a nonsquare. Then

U = {1, [ε]}.
Consider the homomorphism

SK −→ D, [b] ↦−→ hK(ε, b).
Since [ε] ̸= 1, nondegeneracy of the Hilbert symbol shows that this homomorphism is
nonzero. As |SK | = 4 and |D| = 2, its kernel has exactly two elements.
On the other hand, U is generated by [ε], so

U⊥ = {[b] ∈ SK : hK(ε, b) = 0}.
Thus |U⊥| = 2. Combining this with U ⊆ U⊥ and |U | = 2 yields

U⊥ = U.

There is also a direct valuation-theoretic interpretation. Put
L = K(

√
ε).

Since L/K is unramified of degree two,
vK(NL/Kz) = 2vL(z).

Every norm therefore has even valuation. Conversely, the norm map on units is surjective,
and

NL/K(ϖ) = ϖ2.

Hence
NL/K(L×) = ϖ2ZO×

K .

The norm criterion now gives
hK(ε, b) = 0 ⇐⇒ vK(b) ≡ 0 (mod 2).

A square class has even valuation if and only if it can be represented by a unit. Thus this
kernel is precisely U . In particular,

hK(ε,ϖ) = 1
2 .
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Under the identification of the cohomological pairing with the Hilbert symbol, the
orthogonal-complement identity becomes(︂

κM(U)
)︂⊥

= κN(U).

Here κM (U) is a subgroup of H1(K,M), and its orthogonal complement lies in H1(K,N).

In the following sections, we will construct the Kummer maps for the isogeny and
its dual. Under the good reduction hypothesis, we can prove that their images
are exactly κM(U) and κN(U), respectively. The orthogonal-complement identity
obtained in this section from unramified extensions, norms, and Hilbert symbols will
then give the local duality relation between the two Kummer images.
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5 Kummer Exact Sequences and Coordinate Formulas
The preceding section constructed a perfect pairing

Bφ : H1(K,M) ×H1(K,N) −→ D, D = 1
2Z/Z,

and proved that, in square-class coordinates,
Bφ

(︂
κM([a]), κN([b])

)︂
= hK(a, b).

We now relate the rational points of the elliptic curves to these cohomology groups. The
connecting homomorphisms associated with the isogeny and its dual provide this relation.
We first construct the resulting Kummer exact sequences, then use the rational functions
from the preceding sections to derive explicit coordinate formulas in the running example.
We retain the standing assumptions: K/Qp is a finite extension with p ≠ 2, and φ : E → E ′

is a degree-two K-isogeny with dual ˆ︁φ : E ′ → E. Put
M = E[φ] = {O, T}, N = E ′[ ˆ︁φ] = {O′, T ′}.

No good reduction assumption is needed in this section.

5.1 The Two Kummer Exact Sequences

An isogeny is surjective on geometric points. Since the kernel of φ is M , there is a short
exact sequence of discrete continuous GK-modules

0 −→ M −→ E(K) φ−→ E ′(K) −→ 0.
The associated long exact sequence in Galois cohomology contains

E(K) φ−→ E ′(K) δφ−→ H1(K,M) −→ H1(K,E) φ∗−→ H1(K,E ′).
As in the preliminaries, write

H1(K,E)[φ] = ker
(︂
H1(K,E) φ∗−→ H1(K,E ′)

)︂
.

Exactness gives the following statement.

Proposition 5.1.1 (Kummer exact sequences). There are natural short exact sequences

0 −→ E ′(K)/φE(K) δφ−→ H1(K,M)
ρφ−→ H1(K,E)[φ] −→ 0,

and

0 −→ E(K)/ ˆ︁φE ′(K)
δˆ︁φ−→ H1(K,N)
ρˆ︁φ−→ H1(K,E ′)[ ˆ︁φ] −→ 0.

The maps ρφ and ρˆ︁φ are induced by the inclusions M ↪→ E(K) and N ↪→ E ′(K),
respectively.

The connecting homomorphisms can be described explicitly. Given P ′ ∈ E ′(K), choose
Q ∈ E(K) such that φ(Q) = P ′. For every σ ∈ GK ,

φ(σQ−Q) = σP ′ − P ′ = O′,

so
cσ = σQ−Q ∈ M.
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Moreover,
cστ = στQ−Q

= σ(τQ−Q) + (σQ−Q)
= σcτ + cσ.

Thus c is a continuous 1-cocycle, and
δφ(P ′) =

[︂
σ ↦−→ σQ−Q

]︂
.

We use the same notation for the connecting map on E ′(K) and the induced injection on
E ′(K)/φE(K).
If Q is replaced by Q+ S, where S ∈ M , the resulting cocycle is

cσ + σS − S.

It differs from the original cocycle by a coboundary, so its cohomology class is independent
of the chosen preimage. Likewise, for P ∈ E(K) and Q′ ∈ E ′(K) satisfying ˆ︁φ(Q′) = P ,

δˆ︁φ(P ) =
[︂
σ ↦−→ σQ′ −Q′

]︂
.

This description also explains the kernel of the connecting map. If P ′ = φ(R) for some
R ∈ E(K), we may take Q = R, giving the zero cocycle. Conversely, if δφ(P ′) = 0, there
is an S ∈ M such that

σQ−Q = σS − S for every σ ∈ GK .

It follows that Q− S ∈ E(K) and
φ(Q− S) = P ′.

Consequently,
ker δφ = φE(K).

The class δφ(P ′) therefore measures the obstruction to choosing a preimage of P ′ over K.
The dual connecting map has the same interpretation.

5.2 Kummer Coordinates for the Isogeny in the Running Exam-
ple

Return to the curves
E : y2 = x3 − x, E ′ : v2 = u3 + 4u,

and the isogeny

φ(x, y) =
(︃
x− 1

x
, y

(︃
1 + 1

x2

)︃)︃
.

Here
T = (0, 0) ∈ E(K), T ′ = (0, 0) ∈ E ′(K).

To distinguish cohomology classes from square classes, define
∆φ = κ−1

M ◦ δφ : E ′(K) −→ SK

and
∆ˆ︁φ = κ−1

N ◦ δˆ︁φ : E(K) −→ SK .

These are the square-class coordinates of the two Kummer maps. The zero cohomology
class corresponds to the multiplicative identity 1 ∈ SK .
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Proposition 5.2.1. If P ′ = (u0, v0) ∈ E ′(K) and u0 ̸= 0, then
∆φ(P ′) = [u0].

Proof. In the construction of the kernel pairing, we used

g = y

x
and proved the identities

g2 = u ◦ φ, g ◦ τT = −g.
Choose Q ∈ E(K) with φ(Q) = P ′. Since u0 ̸= 0, the value g(Q) is defined and nonzero,
and

g(Q)2 = u0.

Write
σQ−Q = iσT, iσ ∈ {0, 1}.

The function g is defined over K, so
σ(g(Q)) = g(σQ) = g(Q+ iσT ) = (−1)iσg(Q).

Hence
σ(g(Q))
g(Q) = (−1)iσ .

The left-hand side is the multiplicative Kummer cocycle associated with [u0]. The right-
hand side is the image of the elliptic-curve Kummer cocycle under

M
∼−→ µ2, T ↦−→ −1.

Therefore
δφ(P ′) = κM([u0]),

which proves the assertion.

The points O′ and T ′ must be treated separately. Taking O as a preimage of O′ gives
∆φ(O′) = 1.

For T ′, the calculation in the preceding sections gives
φ−1(T ′) = {(1, 0), (−1, 0)}.

Both points are defined over K, so T ′ ∈ φE(K) and
∆φ(T ′) = 1.

The complete formula is thus

∆φ(P ′) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, P ′ = O′,

1, P ′ = T ′,

[u(P ′)], P ′ /∈ {O′, T ′}.
The value at T ′ may also be written as [4], since 4 is a square. It cannot be obtained by
substituting u(T ′) = 0 into the formula for the other affine points: zero does not define an
element of SK .
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5.3 Kummer Coordinates for the Dual Isogeny

The dual isogeny is

ˆ︁φ(u, v) =
(︄
u2 + 4

4u ,
v(u2 − 4)

8u2

)︄
.

We have already recorded the identity(︃
v

2u

)︃2
= x ◦ ˆ︁φ.

Put
h = v

2u.

To apply the argument used for φ, we first compute the effect of translation by T ′ on h.
The line through (u, v) and T ′ = (0, 0) has slope v/u. The addition formulas give

u(P ′ + T ′) = v2

u2 − u = 4
u

and
v(P ′ + T ′) = v

u

(︃
u− 4

u

)︃
− v = −4v

u2 .

Thus
τT ′(u, v) =

(︃4
u
,−4v

u2

)︃
,

and consequently

h ◦ τT ′ = −4v/u2

2(4/u) = − v

2u = −h.

Proposition 5.3.1. If P = (x0, y0) ∈ E(K) and x0 ̸= 0, then
∆ˆ︁φ(P ) = [x0].

Proof. Choose Q′ ∈ E ′(K) such that ˆ︁φ(Q′) = P . The function identity gives
h(Q′)2 = x0.

If
σQ′ −Q′ = jσT

′, jσ ∈ {0, 1},
then

σ(h(Q′))
h(Q′) = h(Q′ + jσT

′)
h(Q′) = (−1)jσ .

Under N ≃ µ2, the connecting cocycle is therefore the Kummer cocycle of [x0]. Hence
δˆ︁φ(P ) = κN([x0]).

At the identity,
∆ˆ︁φ(O) = 1.

To compute the value at T = (0, 0), choose i ∈ K with i2 = −1 and put
R′ = (2i, 0).

Since
(2i)3 + 4(2i) = 0,
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we have R′ ∈ E ′(K), and direct substitution givesˆ︁φ(R′) = T.

If σ(i) = i, then σR′ = R′. If σ(i) = −i, then
σR′ = (−2i, 0) = R′ + T ′.

The connecting cocycle thus gives exactly the quadratic character associated with [−1],
including the trivial character when −1 is a square in K. Therefore

∆ˆ︁φ(T ) = [−1].
The complete formula is

∆ˆ︁φ(P ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, P = O,

[−1], P = T,

[x(P )], P /∈ {O, T}.

Both coordinate formulas arise from the same construction. A rational function has square
equal to the pullback of a coordinate function on the target curve, and translation by
the nonzero kernel point changes its sign. The Galois action on a preimage is thereby
expressed as the Galois action on a square root.

5.4 The Local Kummer Images

Return to a general degree-two isogeny. Define
Lφ = im

(︂
δφ : E ′(K) −→ H1(K,M)

)︂
and

Lˆ︁φ = im
(︂
δˆ︁φ : E(K) −→ H1(K,N)

)︂
.

The Kummer exact sequences identify these groups as
Lφ ≃ E ′(K)/φE(K), Lˆ︁φ ≃ E(K)/ ˆ︁φE ′(K).

They also give
H1(K,M)/Lφ ≃ H1(K,E)[φ]

and
H1(K,N)/Lˆ︁φ ≃ H1(K,E ′)[ ˆ︁φ].

To pass from the pairing on the kernel cohomology groups to a pairing involving rational
points and the Weil–Châtelet groups, we must determine the orthogonal complements of
these two subgroups. Under good reduction, the next section will prove

Lφ = κM(U), Lˆ︁φ = κN(U).
The orthogonal-complement identity for unit square classes will then give

L⊥
φ = Lˆ︁φ.
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6 Local Duality under Good Reduction
In this section we impose the additional assumption that E and E ′ both have good
reduction over K. We continue to assume

K/Qp is finite, p ̸= 2, degφ = 2.
Write the reductions of the curves as ˜︁E and ˜︁E ′, and the reductions of the two isogenies as˜︁φ : ˜︁E −→ ˜︁E ′, ˜︁ˆ︁φ : ˜︁E ′ −→ ˜︁E.
The proof has three steps. We first use formal groups to control the kernels of reduction.
We then show that the Kummer images are exactly the unramified cohomology subgroups.
Finally, the Hilbert-symbol calculation yields the orthogonal-complement theorem and the
resulting perfect pairings.

6.1 The Isogenies on the Kernels of Reduction

For a finite extension L/K, with residue field kL, put

E1(L) = ker
(︂
E(L) −→ ˜︁E(kL)

)︂
,

and use the analogous notation for E ′. Good reduction is preserved under finite extension.
By the extension theorem for prime-to-p isogenies in the preliminaries, the isogenies extend
to the good models and commute with reduction. In particular,

φ(E1(L)) ⊆ E ′
1(L), ˆ︁φ(E ′

1(L)) ⊆ E1(L).

Lemma 6.1.1. For every finite extension L/K, the restrictions
φ : E1(L) −→ E ′

1(L)
and ˆ︁φ : E ′

1(L) −→ E1(L)
are isomorphisms.

Proof. In the formal group at the identity, multiplication by two has the form
[2]F(t) = 2t+ terms of degree at least two.

Since p ≠ 2, the linear coefficient is a unit in OL. The existence of a formal inverse
therefore shows that

[2] : E1(L) −→ E1(L)
is an isomorphism. The same statement holds for E ′

1(L).
Suppose Q ∈ E1(L) and φ(Q) = O′. Then

[2]Q = ˆ︁φ(φ(Q)) = O.

Injectivity of [2] on E1(L) gives Q = O, proving injectivity of φ on this subgroup.
For surjectivity, take R′ ∈ E ′

1(L). There is an S ′ ∈ E ′
1(L) such that [2]S ′ = R′. Hence

φ
(︂ ˆ︁φ(S ′)

)︂
= [2]S ′ = R′,

and ˆ︁φ(S ′) ∈ E1(L). Thus φ is surjective. Interchanging the isogenies proves the second
assertion.
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Proposition 6.1.2. Reduction induces natural isomorphisms
E ′(K)/φE(K) ≃ ˜︁E ′(k)/ ˜︁φ ˜︁E(k)

and
E(K)/ ˆ︁φE ′(K) ≃ ˜︁E(k)/˜︁ˆ︁φ ˜︁E ′(k).

Proof. Compatibility of reduction with the isogeny shows that P ′ ↦→ ˜︁P ′ induces the first
homomorphism of quotient groups. It is surjective because E ′(K) → ˜︁E ′(k) is surjective.
To prove injectivity, suppose ˜︁P ′ ∈ ˜︁φ ˜︁E(k).
Choose ˜︁Q ∈ ˜︁E(k) such that ˜︁φ( ˜︁Q) = ˜︁P ′,

and lift ˜︁Q to Q ∈ E(K). Then
P ′ − φ(Q) ∈ E ′

1(K).
By the preceding lemma, there is an R ∈ E1(K) with

φ(R) = P ′ − φ(Q).
It follows that P ′ = φ(Q + R), so the class of P ′ in E ′(K)/φE(K) is zero. This proves
injectivity. The proof for the dual isogeny is identical.

6.2 The Kummer Images Are Unramified

Recall that
H1

ur(K,M) = ker
(︂
H1(K,M) −→ H1(IK ,M)

)︂
.

Proposition 6.2.1. Under the good reduction assumption,
Lφ ⊆ H1

ur(K,M), Lˆ︁φ ⊆ H1
ur(K,N).

Proof. Let P ′ ∈ E ′(K). We show that P ′ ∈ φE(L) for some finite unramified extension
L/K.
The reduction ˜︁φ is an isogeny and is therefore surjective on geometric points. Choose˜︁Q ∈ ˜︁E(k) with ˜︁φ( ˜︁Q) = ˜︁P ′.

The point ˜︁Q is defined over some finite extension k′/k. Let L/K be the corresponding
finite unramified extension, with residue field k′.
Smoothness and Hensel lifting give a point Q0 ∈ E(L) reducing to ˜︁Q. Thus

D′ = P ′ − φ(Q0) ∈ E ′
1(L).

By Lemma 6.1.1, there is an R ∈ E1(L) such that φ(R) = D′. Putting Q = Q0 +R, we
obtain

Q ∈ E(L), φ(Q) = P ′.

Use this preimage to represent the connecting class by
cσ = σQ−Q.

Because L/K is unramified, it is contained in Kur and is fixed by IK . Hence
cσ = 0 for every σ ∈ IK .

34



Therefore δφ(P ′) is unramified. Applying the same argument to ˆ︁φ proves the other
inclusion.

The proof also shows that every K-rational point on the target has an isogeny preimage
over a finite unramified extension.

6.3 The Orders of the Kummer Images

To turn the inclusions just proved into equalities, we determine the orders of the Kummer
images. Proposition 6.1.2 reduces this to a computation with point groups over the finite
field k.

Lemma 6.3.1. If two elliptic curves C and C ′ are isogenous over k = Fq, then
#C(k) = #C ′(k).

Proof. Let ψ : C → C ′ be a k-isogeny, and let π and π′ denote the q-power Frobenius
endomorphisms. Since ψ is defined over k,

π′ ◦ ψ = ψ ◦ π,
and consequently

(π′ − [1]) ◦ ψ = ψ ◦ (π − [1]).
The differential of Frobenius is zero, so

d(π − [1]) = −1.
Thus π − [1] is a separable isogeny. Its geometric kernel is exactly C(k), giving

deg(π − [1]) = #C(k).
Similarly,

deg(π′ − [1]) = #C ′(k).
Taking degrees in the composition identity yields

deg(π′ − [1]) degψ = degψ deg(π − [1]).
Canceling degψ proves the assertion.

Proposition 6.3.2. Each local Kummer image has exactly two elements:
|Lφ| = |Lˆ︁φ| = 2.

Proof. First consider φ. Its nonzero kernel point T ∈ E(K) cannot reduce to the identity.
Otherwise T ∈ E1(K) and [2]T = O, contradicting injectivity of [2] on E1(K). Hence˜︁T ̸= ˜︁O.
The reduced isogeny ˜︁φ is separable of degree two, so its geometric kernel has two elements.
They are ˜︁O and ˜︁T , both of which are k-rational. Consequently,⃓⃓⃓

ker
(︂ ˜︁φ : ˜︁E(k) −→ ˜︁E ′(k)

)︂⃓⃓⃓
= 2.

The order formula for a homomorphism of finite groups gives⃓⃓⃓ ˜︁φ ˜︁E(k)
⃓⃓⃓
= # ˜︁E(k)

2 .
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The preceding lemma therefore implies⃓⃓⃓ ˜︁E ′(k)/ ˜︁φ ˜︁E(k)
⃓⃓⃓
= # ˜︁E ′(k)

# ˜︁E(k)/2
= 2.

By Proposition 6.1.2 and injectivity of the Kummer map on the quotient,
|Lφ| = |E ′(K)/φE(K)| = 2.

The same argument for ˆ︁φ gives |Lˆ︁φ| = 2.

On the other hand, the Galois action on M is trivial. Inflation–restriction gives
H1

ur(K,M) ≃ H1(Gk,M) = Homcont(Gk,M).
Since

Gk ≃ ˆ︁Z, M ≃ Z/2Z,
a continuous homomorphism is uniquely determined by the image of arithmetic Frobenius,
and either element of M can occur as its image. Thus

|H1
ur(K,M)| = 2.

The same holds for N . Combining this with Propositions 6.2.1 and 6.3.2 proves
Lφ = H1

ur(K,M), Lˆ︁φ = H1
ur(K,N).

6.4 Unit Square Classes and the Orthogonal-Complement Theo-
rem

We now express the unramified cohomology subgroups in square-class coordinates.

Lemma 6.4.1. Under the Kummer identifications fixed in the preceding section,
H1

ur(K,M) = κM(U), H1
ur(K,N) = κN(U).

Proof. Choose ε ∈ O×
K with nonsquare residue. By the preliminaries,

U = {1, [ε]},
and K(

√
ε)/K is the unramified quadratic extension. The square class [ε] corresponds to

the cocycle
σ ↦−→ χε(σ)T.

Inertia fixes
√
ε, so this cocycle restricts to zero on IK . Therefore

κM(U) ⊆ H1
ur(K,M).

Both sides have two elements, so they are equal. The argument for N is identical.

We can now prove the central result of the report.

Theorem 6.4.2 (Orthogonality of the local Kummer images). Let K/Qp be a finite
extension with p ̸= 2, and let φ : E → E ′ be a degree-two K-isogeny. Suppose that both
curves have good reduction. With respect to

Bφ : H1(K,M) ×H1(K,N) −→ D,

the local Kummer images satisfy
L⊥
φ = Lˆ︁φ.

36



In the opposite direction,
L⊥ˆ︁φ = Lφ,

where this second orthogonal complement is taken in H1(K,M).

Proof. The results above give
Lφ = κM(U), Lˆ︁φ = κN(U).

The preceding section proved both
Bφ

(︂
κM([a]), κN([b])

)︂
= hK(a, b)

and
U⊥ = U.

For any [b] ∈ SK , it follows that
κN([b]) ∈ L⊥

φ ⇐⇒ hK(u, b) = 0 for every [u] ∈ U

⇐⇒ [b] ∈ U⊥

⇐⇒ [b] ∈ U

⇐⇒ κN([b]) ∈ Lˆ︁φ.
This proves the first equality. Interchanging the two sides and using the symmetry of the
Hilbert symbol proves the second.

The two Kummer images belong to different cohomology groups. Each corresponds to U
in square-class coordinates, and the kernel pairing identifies them as the exact annihilators
of one another.

6.5 From Orthogonal Complements to Finite-Level Local Duality

Put
V = H1(K,M), W = H1(K,N).

We have a perfect pairing Bφ : V ×W → D and an equality
L⊥
φ = Lˆ︁φ.

Restricting the first variable therefore gives a pairing on
Lφ ×W/Lˆ︁φ.

The Kummer exact sequences identify these groups with a quotient of the rational point
group and a subgroup of the Weil–Châtelet group, respectively.

Theorem 6.5.1 (Local duality for a degree-two isogeny with good reduction). Under the
assumptions of Theorem 6.4.2, there are natural perfect pairings

E ′(K)/φE(K) ×H1(K,E ′)[ ˆ︁φ] −→ D

and
E(K)/ ˆ︁φE ′(K) ×H1(K,E)[φ] −→ D.

Proof. We first construct the first pairing. Let
P ′ ∈ E ′(K)/φE(K), η ∈ H1(K,E ′)[ ˆ︁φ].
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By the second Kummer exact sequence, choose w ∈ H1(K,N) such that
ρˆ︁φ(w) = η.

Define
⟨P ′, η⟩φ = Bφ

(︂
δφ(P ′), w

)︂
.

We first check independence of the choices. Replacing P ′ by another representative of the
same quotient class does not change δφ(P ′). If w′ is another lift of η, exactness gives

w′ − w ∈ Lˆ︁φ.
Since Lˆ︁φ = L⊥

φ ,
Bφ

(︂
δφ(P ′), w′ − w

)︂
= 0.

Thus the value is also independent of the chosen lift. Bilinearity follows from bilinearity of
Bφ.
For left nondegeneracy, suppose that P ′ pairs trivially with every element on the right.
For any w ∈ W , take η = ρˆ︁φ(w). Then

Bφ

(︂
δφ(P ′), w

)︂
= 0.

Nondegeneracy of Bφ gives δφ(P ′) = 0, and the Kummer exact sequence implies P ′ = 0.
For right nondegeneracy, suppose that η pairs trivially with every P ′. Choose a lift w ∈ W .
Then

Bφ(ℓ, w) = 0 for every ℓ ∈ Lφ.

Hence
w ∈ L⊥

φ = Lˆ︁φ,
and exactness gives η = ρˆ︁φ(w) = 0. The groups are finite, so nondegeneracy on both sides
proves that the pairing is perfect.
For the second pairing, take

P ∈ E(K)/ ˆ︁φE ′(K), ξ ∈ H1(K,E)[φ],
choose v ∈ V with ρφ(v) = ξ, and define

⟨P , ξ⟩ˆ︁φ = Bφ

(︂
v, δˆ︁φ(P )

)︂
.

Using L⊥ˆ︁φ = Lφ, the same argument proves that this pairing is well-defined and perfect.

In square-class coordinates, the first pairing has a direct formula. If
δφ(P ′) = κM([a]), η = ρˆ︁φ(︂κN([b])

)︂
,

then
⟨P ′, η⟩φ = hK(a, b).

Here [a] ∈ U , while [b] is determined only up to multiplication by an element of U . Since
the Hilbert symbol vanishes on U × U , the right-hand side does not depend on this choice.
One can also exhibit a nonzero value of the pairing. Choose a nonsquare unit ε and a
uniformizer ϖ. Since Lφ = κM(U), there is a P ′ ∈ E ′(K) such that

δφ(P ′) = κM([ε]).
Put

ηϖ = ρˆ︁φ(︂κN([ϖ])
)︂
.
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Because [ϖ] /∈ U , we have ηϖ ̸= 0. The norm calculation in the preceding section gives
⟨P ′, ηϖ⟩φ = hK(ε,ϖ) = 1

2 .

Indeed,
|E ′(K)/φE(K)| = 2

and

|H1(K,E ′)[ ˆ︁φ]| = |H1(K,N)|
|Lˆ︁φ|

= 4
2 = 2.

Thus this calculation gives the pairing of the unique nonzero elements.
Finally, we relate the construction to the usual local Tate pairing. Its standard compatibility
with the connecting homomorphisms gives

⟨P ′, ρˆ︁φ(w)⟩Tate,E′ = Bφ

(︂
δφ(P ′), w

)︂
.

Accordingly, the pairing constructed above is the local Tate pairing at the finite level
determined by the isogeny.
The perfectness at this finite level has been proved directly from good reduction, Kummer
theory, and the Hilbert symbol. The next section will apply these results to the running
example over Q5, making both Kummer images and a nonzero local pairing value explicit.
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7 An Explicit Computation over Q5

7.1 The Curves and the Square-Class Group

Take
K = Q5, E : y2 = x3 − x, E ′ : v2 = u3 + 4u.

The degree-two isogeny and its dual constructed in Section 3 are

φ(x, y) =
(︃
x− 1

x
, y
(︃

1 + 1
x2

)︃)︃
and

ˆ︁φ(u, v) =
(︄
u2 + 4

4u ,
v(u2 − 4)

8u2

)︄
.

Their kernels are
M = {O, T}, N = {O′, T ′},

where T = (0, 0) ∈ E(K) and T ′ = (0, 0) ∈ E ′(K).
The displayed integral Weierstrass equations have discriminants

∆E = 64, ∆E′ = −4096.
Both are units in Z5. Thus both curves have good reduction, and the results of Section 6
apply.
The nonzero squares in F5 are 1 and 4, so 2 is a nonsquare unit in K. Taking 5 as a
uniformizer gives

SK = K×/K×2 = {1, [2], [5], [10]}, U = {1, [2]}.
The class [2] generates the unit square-class subgroup, while the exponent of [5] records
the parity of the valuation.

7.2 Explicit Generators of the Kummer Images

Recall the square-class coordinates introduced in Section 5:
∆φ = κ−1

M ◦ δφ, ∆ˆ︁φ = κ−1
N ◦ δˆ︁φ.

For affine points with nonzero first coordinate, they satisfy
∆φ(u, v) = [u], ∆ˆ︁φ(x, y) = [x].

First take
P ′ = (2, 4) ∈ E ′(K).

Indeed, 42 = 23 + 4 · 2. The coordinate formula gives
∆φ(P ′) = [2], δφ(P ′) = κM([2]) ̸= 0.

Consequently, P ′ /∈ φE(K).
For the other curve, apply Hensel’s lemma to F (Y ) = Y 2 − 6 at Y = 1. Since

F (1) ≡ 0 (mod 5), F ′(1) ̸≡ 0 (mod 5),
there is an s ∈ Z5 with s2 = 6 and s ≡ 1 (mod 5). Hence

P = (2, s) ∈ E(K), ∆ˆ︁φ(P ) = [2].
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It follows that
δˆ︁φ(P ) = κN([2]) ̸= 0,

so P /∈ ˆ︁φE ′(K).
The good reduction argument in Section 6 identifies the two Kummer images with κM (U)
and κN(U), respectively. Thus

Lφ = {0, κM([2])}, Lˆ︁φ = {0, κN([2])}.
In particular,

E ′(K)/φE(K) = {0, P ′}, E(K)/ ˆ︁φE ′(K) = {0, P},
where the bars denote classes in the respective quotient groups.
The nonsquare coordinate of P ′ therefore gives an explicit obstruction to choosing a
K-rational preimage under φ. The point P has the same interpretation for the dual
isogeny.

7.3 The Quadratic Hilbert Symbol

The result for units in Section 4 gives
h5(2, 2) = 0.

To compute h5(2, 5), consider
L = Q5(

√
2).

Since 2 has nonsquare residue, L/K is the unramified quadratic extension. For the
normalized valuations,

v5(NL/Kz) = 2vL(z).
Every norm has even valuation, whereas v5(5) = 1. The norm criterion for the Hilbert
symbol therefore gives

(2, 5)5 = −1, h5(2, 5) = 1
2 .

This value can also be read directly from local reciprocity. With the normalization fixed
in the preliminaries, recK(5) acts as arithmetic Frobenius on unramified extensions. If α
is the residue of

√
2 in F25, then

α5 = α(α2)2 = 4α = −α.
Thus Frobenius is the nontrivial automorphism of L/K, and its action on

√
2 changes the

sign.
For completeness, we also compute h5(5, 5). Hensel’s lemma applied to X2 + 1 at X = 2
shows that −1 is a square in K. Choose i ∈ K with i2 = −1. In the quadratic extension
K(

√
5)/K,

NK(
√

5)/K(i
√

5) = (i
√

5)(−i
√

5) = 5.
The norm criterion now gives

h5(5, 5) = 0.
Since [2] and [5] generate SK , bilinearity and symmetry determine the entire pairing:
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h5(a, b) 1 2 5 10
1 0 0 0 0
2 0 0 1

2
1
2

5 0 1
2 0 1

2
10 0 1

2
1
2 0

The row and column labels denote square classes. The elements pairing trivially with [2]
are exactly 1 and [2]. Hence

U⊥ = U.

Through κM and κN , this explicitly realizes the identity
L⊥
φ = Lˆ︁φ.

7.4 A Nonzero Value of the Local Tate Pairing

The second Kummer exact sequence gives
H1(K,E ′)[ ˆ︁φ] ≃ H1(K,N)/Lˆ︁φ ≃ SK/U.

The last quotient has two elements, represented by the cosets
U = {1, [2]}, [5]U = {[5], [10]}.

Put
η = ρˆ︁φ(︂κN([5])

)︂
∈ H1(K,E ′)[ ˆ︁φ].

Since [5] /∈ U , we have η ̸= 0, and
H1(K,E ′)[ ˆ︁φ] = {0, η}.

By the definition of the pairing in Theorem 6.5.1,
⟨P ′, η⟩φ = Bφ

(︂
δφ(P ′), κN([5])

)︂
= Bφ

(︂
κM([2]), κN([5])

)︂
= h5(2, 5) = 1

2 .

Replacing [5] by [10] gives the same Weil–Châtelet class, because the two classes differ by
the unit square class [2]. The pairing value is likewise unchanged:

h5(2, 10) = h5(2, 2) + h5(2, 5) = 1
2 .

This directly verifies independence of the chosen lift in this example.
Both groups have order two, so the complete pairing is

⟨ , ⟩φ 0 η

0 0 0
P ′ 0 1

2

The unique nonzero elements pair nontrivially. The pairing is therefore perfect.
For the other pairing, put

ξ = ρφ
(︂
κM([5])

)︂
∈ H1(K,E)[φ].
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The same argument gives

H1(K,E)[φ] = {0, ξ}, ⟨P , ξ⟩ˆ︁φ = h5(5, 2) = 1
2 .

In terms of torsors, η represents a nontrivial E ′-torsor with no K-rational point. The
nonzero pairing value detects its nontriviality. The condition ˆ︁φ∗η = 0 says that extension
of the structure group along ˆ︁φ gives a trivial E-torsor.
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