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Chapter 1

Introduction

1.1 Examples

Number theory is one of the oldest and most dynamic branches of mathematics.
One of its central goals is the study of integer or rational solutions to polynomial
equations—the so-called Diophantine problems. These problems often appear simple
in form but reveal profound mathematical structures. From the Pythagorean theorem
in ancient Greece to Fermat’s Last Theorem in the 17th century, the search for
solutions has not only driven the development of number theory itself but also spurred
the growth of modern fields such as algebra and algebraic geometry.

Among Diophantine equations, quadratic equations play a special and fundamen-
tal role. Compared to higher-degree equations, the theory of quadratic equations is
relatively complete, and their solution sets often exhibit clear algebraic and geomet-
ric structures. More importantly, the study of rational points on quadratic equations
serves as a key bridge connecting classical number theory with modern arithmetic
geometry.

Here, we have a classical example about quadratic equations:

Example 1 (Pythagorean Triples). Consider

r?+ y2 = 22
When we study elementary number theory, by using right triangles and algebraic
transformations, we can prove that for any m,n € Z, the solutions of Pythagorean
equation has such a formula:

r =m?—n?, Yy = 2mn, 2z =m?+n’



Now, we can use another way to solve this equation. Clearly, the Pythagorean
equation is a homogeneous equation, i.e. for any A € R, if [z, y, z] is a solution of
Pythagorean equation, then [Az, Ay, Az] is still a solution of Pythagorean equation.
So, we can define the equation in the projective plane P?. The projective plane
consists of homogeneous coordinates [z : y : z|, where x,y, z are not all zero, and two
triples represent the same point if they are scalar multiples: [z : y : z] = [Az : Ay : A\zZ]
for any A # 0.

The equation 22 + y? = 22 defines a projective curve in P?, denoted by C.

For the curve C' : 2+y? = 22, we verify that the point P = [—1: 0 : 1] is a rational
point (it satisfies the equation). Using this point, we construct a parametrization as
follows:

1 Consider lines through P and a variable point, with slope controlled by a
parameter t. In projective coordinates, a more rigorous approach uses homo-
geneous parameters [m : n| € PL.

A common choice: take the line through P with equation y = ¢(z + z), where
t € Q. Homogenize by setting ¢ = m/n (with m,n not both zero), then the
line equation becomes ny = m(x + z).

2 Solve the system of the line equation and the curve equation. Substitute y =
t(x + z) into 2% + y* = 2%

22+ 13 (x 4 2)2 = 22
Simplify:
-2+t 42)?r=0 = (v—2)(z+2)+t3@+2)?=0.
Factor out (z + 2):
(z+2)[(x—2) +t(xz+2)] =0.
The first factor x + 2z = 0 gives the known point P. The second factor gives:

r—z+tPx+2)=0 = (1+tHr+(—-1)z=0.

Solve for x in terms of z: =z = }jrgz Substitute back into the line equation
y=t(r+2):
; 11—t N , 2z 2t
Y 1+22 1+ 1+

Therefore, the intersection point (excluding P) has coordinates:

[ | 1—¢2 ot .
X . Rl =/ . .
y 142 1412
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3 To clear denominators, set ¢ = m/n and multiply by m? + n? (note: 1+ t? =

m2+n2).
n2 :
2
1—"  np2_m? om 2mn
S " — — mn _ _1
r = m2 2 7 Y= m2 2 7y A= L

To obtain integer coordinates, we scale by m? + n? to get homogeneous coor-
dinates:

[z:y: 2] =[n*—m?: 2mn: m?* +n?].
Adjusting signs (swap m and n or change sign) yields the familiar Pythagorean
triple formula:

r=m?>—n? y=2mn, z=m>+n’

P.S.:The above process defines a map from parameters [m : n] € P! to points
on C' (except for parameters that make denominators zero, such as t = =i,
which are not considered over the rationals). Conversely, from a point (x,y, 2)
on C' (other than P), we can recover the parameter ¢ = —*—. Thus, the map is

birational, establishing an isomorphism between C' and P".

How about the nonhomogeneous quadratic equations? We can do homogenization
on them.

Example 2 (Pell’s equation). Pell’s equation is the Diophantine equation of the
form
2 —dy? =1,

where d is a positive non-square integer.
We homogenize the equation to

E:2® —dy* = 2%,

which defines a conic in the projective plane. The integer points of the original
equation correspond to points on F with z = 1. The curve E has genus zero and
is isomorphic over Q to the projective line P!; hence it possesses infinitely many
rational points.
Fix the obvious rational point O = (1,0) (with z = 1). Let a line through O have
slope m:
y=m(x —1).



Substituting into z? — dy* = 1 gives
v —dm?*(x — 1) =1.
Since x = 1 is a solution, the other intersection point is found by factoring:
1 + dm? 2m
T1-dmz YT 1—am®

As m runs through the rational numbers, we obtain all rational points on E (the
point O corresponds to m = 0).

P.S.: Actually, suppose u; = 1 + y1v/d, where for some m € R, we have solution
Py = (z1,y1). Then we can compute all the solution P, = (z,,y,) given by

T

{anrl = 212 + dY1Yn,

Ynt+1 = T1Yn + Y1Tn.

1.2 Treatment of homogeneous quadratic polyno-
mials

More generally, consider the homogeneous quadratic polynomial

Q(.Il, S ,l’n) = Z Qi T;T 5 (CLZ'j S @)

1<i<j<n

which defines a projective quadric hypersurface:

X:Q(xl,...,xn)z()CIP’&_l.

The polynomial () can be written in matrix form as:
Qx) =x"Ax, x= (20,...,70)7,

where A is a symmetric matrix with coefficients in Q. Since the characteristic of Q
is not 2, any symmetric matrix can be congruently diagonalized over Q: there
exists an invertible matrix P € GL,41(Q) such that:

PTAP = D = diag(aq, . . ., a,).
Setting y = P7'x (i.e., x = Py), we obtain:
Q(x) =x"Ax = y"(PTAP)y = y' Dy = aoy + - - + any;.

Thus, via the linear transformation x = Py, the quadratic form becomes diagonal.
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Lemma 3. Through coordinate transformation, we can transform any homogeneous
quadratic polynomial @) into the following form:

Q(y) = aoyp + -+ + any?.
Example 4. Consider
Q(z,y,2) = 22% + 3zy +y* — x2 + 222

The symmetric matrix A such that Q(x) = xT Ax is:

[\]

1
A= 2 O2
2
2

O~ nlw

1
2

(Cross-term coefficients are halved: e.g., 3zy = 2 - %xy, SO (19 = Q91 = %)
Treat () as a polynomial in z:

Q = 22> + (3y — 2)x + (v* + 227).

Complete the square for x:

3y —
2x2+(3y—z)x:2{x2+ y2 Zm]

() ()|

3y — 2\ (3y—2)?

Substitute back:

Introduce new variable X = x + S%T_Z and the remaining part is:
1
R(y,z) = =3By —2)" +y* + 22"

Expand (3y — 2)? = 9y? — 6yz + 22

9 6 1 1 3 15
Re 2021 2yy_ 2,2 2 9,2_ _2,2.° 102
8y +8yz 82 + Yy + 2z 8y —|—4yz+ 8z



Write R as a polynomial in y:

1 3 15
R=—y*+>z- —22
8y +4z Y+ 82
Complete the square:
1, 3 1,
_- oy = = — 6z -
1
=3 [(y — 32)* — 927
1
= ——(y—32)* + =2
8
Thus,
1 9 15 1
R= —g(y —32)% + gzz + gzz = —g(y —32)% + 322

Introduce new variables Y =y — 3z and Z = z. Then we obtain the diagonal form:
1
Q=2X%— éY2 + 372

This is aX? + bY? + cZ% with a = 2, b = —%, ¢ = 3 and the transformation matrix
P (satisfying x = Py where y = (X,Y, Z)7) is:

1 -3 -2
P=10 1 3
0 0 1

Since P is invertible with entries in Q, this transformation defines an automor-
phism of projective space P" preserving the existence of rational points: X (Q) # ()
if and only if the diagonalized equation has a nontrivial rational solution.



Chapter 2

Main Theorem

2.1 Statement of main theorem
We have a homogeneous quadratic polynomial
Q(y) = aoyg + -+ + any,
and a quadratic hypersurface X in P!, i.e.
X Q(y) = aoyp + -+ + any, = 0.

Theorem 1 (Hasse-Minkowski Theorem). X (Q) # @ if and only if X(R) # @ and
X(Q,) # @ for every prime number p.

However, there is a very strange sense for this theorem: we have QQ is dense in
R. Then, X(Q) is dense in X(R) (which is actually wrong), which implies that if
X(R) # @, then X(Q) # @ ?

Here is a counterexample:

Example 5. Consider
2%+ y* =327

1 Real Solutions:

Taking z = 1, the equation becomes z? 4 y? = 3, which represents a circle of
radius v/3. There are infinitely many real points, so

X(R) # 0.



2 Rational Solutions:

Suppose there exists a non-trivial rational solution, i.e., integers x,y, z not all
zero with ged(z,y, z) = 1 satisfying

? +y? =32
If 2 =0, then 22 + y? = 0 forces z = y = 0, contradiction. So z # 0.

e Modulo 3 analysis: Squares modulo 3 are either 0 or 1. The equation
modulo 3 gives
> +y*=0 (mod 3).

If 22 = 1, then we would need y? = 2, impossible. Hence 2?> = 0 and
y>*=0,503 |z and 3 |y.

e Write © = 3a, y = 3b. Substituting:
9a® + 9 = 32 = 3(a® +b*) = 2°.
Thus 3 | 2%, and since 3 is prime, 3 | 2. Write z = 3c. Then
3(a®> +1*) =9¢* = a* +b* =3

So (a, b, ¢) is another integer solution. But then ged(a, b, ¢) = % ged(x,y, 2),
contradicting the coprimality of (z,y, z). Hence no non-trivial integer so-
lution exists, so

X(@Q) =0.

2.2 Proof of main theorem in arithmetic

2.2.1 Preliminaries
Local fields and completions
For the rational numbers QQ, we consider the following completions:

e The real field R, denoted by Q.

e The p-adic fields @, for each prime number p.

Let V denote the set of all such places v (including the infinite place). For a quadratic
form f over Q and a place v € V', we denote by f, the quadratic form obtained by
extending scalars to Q,.



The Hilbert symbol

For a local field k (either R or Q,) and a,b € k*, the Hilbert symbol (a,b), € {£1}
is defined by

(a,b), =1 <= the equation z* — az® — by* = 0 has a nontrivial solution in k.
The Hilbert symbol is bilinear, nondegenerate, and satisfies the product formula for

a,be Q"
H(a, b), = 1.

veV

Local invariants of quadratic forms

For a quadratic form f ~ ayz? + - -+ + a,22 over a local field k, we define:
e The discriminant d(f) = a1 ---a, € k*/k**.
o The invariant e(f) =[] <, j<n(ai a;), € {1}

The following theorem characterizes the representation of zero by quadratic forms
over local fields.

Theorem 1 (Local representation of zero). Let f be a nondegenerate quadratic form
over a local field k (with & # Qo for simplicity). Then:

1. If n = 2, f represents zero if and only if d(f) = —1 in k*/k*2.
2. If n =3, f represents zero if and only if (=1, —d(f)), = (f).
3. If n =4, f represents zero unless d(f) =1 and e(f) = —(—1,—1),.

4. If n > 5, f always represents zero.

2.2.2 Key lemmas
We recall two important lemmas that will be used in the proof.

Lemma 6 (Approximation theorem). Let S C V be a finite set of places. The image
of Q in the product [], .4 Q, is dense.

Lemma 7 (Existence of a global element with prescribed Hilbert symbols). Let
(a;)ier be a finite family in Q* and let (&;4)iervev be a family of numbers £1 such
that:
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1. For each 7, almost all ¢;,, = 1.

2. For each 4, [[,cy €10 = 1.

3. For each v € V, there exists z, € Q} such that (a;, z,), = €;, for all 7.

Then there exists © € Q* such that (a;,x), = €;, for all i and all v € V.

2.2.3 Proof of main theorem

Theorem 2 (Hasse-Minkowski in arithmetic way). A quadratic form f over Q
represents zero (nontrivially) if and only if for every place v € V| the form f,
represents zero over Q.

Proof. The necessity is obvious since Q embeds into each Q,. We prove the sufficiency
by induction on the number of variables n. Without loss of generality, we assume f
is nondegenerate and diagonalized:

f:alx%—k---—kanwi, a; € Q.

Case n =2

Let f = 22 — ax3. The condition that f, represents zero for all v implies that a is
a square in every Q,. In particular, ¢ > 0 in R, and for each prime p, the p-adic
valuation v,(a) is even. Hence a is a square in Q, so f represents zero over Q.

Case n = 3 (Legendre’s theorem)

Let f = 23 —ax3 — bz We may assume a and b are square-free integers and |a| < |b|.
We proceed by induction on m = |a| + |b|. If m = 2, the only possibilities (up to
equivalence) are x3 — 23 — 23, ¥3 — a3 + 3, etc., all of which represent zero over Q
except possibly x? + x3 + 22, but the latter does not represent zero over R and is
excluded by hypothesis.

Assume m > 2. Write b = £p; - - - pp with distinct primes p;. For each p = p;,
since f represents zero over QQ,,, a standard argument shows that a is a square modulo
p. By the Chinese remainder theorem, there exists an integer ¢ such that

t?*=a (modb), |[t< g

Set bb' = t* — a. Then |V/| < |b]. Consider the form
f =2} —axi— bl
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One checks that f” represents zero over every Q, (using the fact that bb’ is a norm
from Q(y/a)). By the induction hypothesis, f’ represents zero over @, hence so does

f.

Case n =14

Write f = ax? + bz — (cz? + dx?). For each place v, since f, represents zero, there
exists z, € Q that is represented by both az? + bz3 and cx? + dz?. In terms of
Hilbert symbols, this means

(zy, —ab), = (a,b), and (z,, —cd), = (c,d),.

The families (a, b), and (c, d), satisfy the product formula. By Lemma 2, there exists
a global x € Q* such that

(x,—ab), = (a,b), and (z,—cd), = (c,d), for all v.

Now consider the ternary form az? + bx2 — xz2. It represents zero over every Q, (by
the condition on the Hilbert symbol), hence by the case n = 3, it represents zero
over Q. Therefore x is represented by az? + bx3 over Q. Similarly, z is represented
by cx3 + dz? over Q. Consequently, f represents zero over Q.

Casen>5

We proceed by induction on n. Write f = h — g with
h= a2} + asx, g= —(aszs+ -+ a,22).

Let S be the finite set of places consisting of oo, 2, and all primes dividing any of the
coefficients as, ..., a,. For each v € S, since f, represents zero, there exists a, € Q}
represented by both h and g. By the approximation theorem (Lemma 6), we can
choose z1, 15 € Q such that if a = h(zy, x9), then a/a, € Q2 for all v € S.
Consider the form f; = az? — g. For v € S, since g represents a, and a/a, is
a square, g represents a over Q,, so f; represents zero over Q,. For v ¢ S, the
coefficients of g are units at v, and one can show (using direct computation) that
g represents a over QQ,. Hence f; represents zero over every QQ,. Since f; has rank
n — 1, by the induction hypothesis, f; represents zero over Q. Thus g represents a
over Q, and since h clearly represents a, it follows that f represents zero over Q.
This completes the induction and the proof of the Hasse-Minkowski theorem. [
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2.3 Another way to understand the main theorem

2.3.1 Preliminary Definitions and Theorems
The Brauer Group

Definition 8. A central simple algebra (CSA) over a field k is a finite-dimensional
k-algebra that is simple and has centre k.

Definition 9. Two CSAs A and B over k are similar, denoted A ~ B, if there exist
integers m,n such that
A®g M, (k) = B ®y M, (k).

Definition 10. The set of similarity classes [A] forms an abelian group under ®y,
called the Brauer group of k, denoted Br(k).

Local and Global Points

Let Qg be the set of all places (including infinite ones) of K. For each v € Q,
denote by K, the completion. Define the adele ring:

AK = {(xv)v € H Kv

for almost all finite places v, x, € Ov} ,
vEQ K

where O, is the ring of integers of K.
For an algebraic variety X/K, its set of adeélic points is defined as:

X(Ag) = {(PU)U c HX(KU) P, € X(0O,) for almost all finite places v} :

Splitting Fields

Definition 11. A field extension L/k is a splitting field for a CSA A if A®y L =
M, (L) for some n.

Definition 12. For a Galois extension L/k, define
Br(L/k) = ker (Br(k) — Br(L)),

the subgroup of Br(k) consisting of classes split by L.

13



Cohomological Interpretation
Definition 13. For a finite Galois extension L/k with group G = Gal(L/k), let
H*(L/k) = H*(G,L*).
Theorem 3 (Theorem 3.14). The map
o (A9, HA(L/K) = Br(L/k)

is a group isomorphism, where A(y) is the crossed-product algebra associated to
a 2-cocycle p: G x G — L*.

Corollary 1 (Corollary 3.16). For a separable algebraic closure k! of k,
Br(k) = H*(K" /k) = lig  H*(L/k).
L/ finite Galois
Maximal Subfields and Invariants

Let K be a nonarchimedean local field with residue field k of cardinality ¢. For a
central division algebra D over K, let n> = [D : K].

Proposition 14 (Proposition 3.8, Corollary 3.10 in J.S.Milne’s CFT note). D con-
tains a maximal subfield L that is separable over K. For local fields, one can choose
L to be unramified over K.

The valuation | - | on K extends uniquely to D, and we define ord(«) for a € D
by |O[‘ — q—ord(oa).

Theorem 4 (Noether—Skolem). Let L be an unramified maximal subfield of D, and
let o be the Frobenius automorphism of L/K. There exists a € D such that

o(z) = ara™ Vre L.

Definition 15. Define
invg (D) = ord(a) mod Z.

This depends only on the isomorphism class of D, hence gives a well-defined map
invg : Br(K) - Q/Z.

Example 1. For the unramified extension L/K of degree n and the 2-cocycle ¢
described in the text, we have

invg(A(p)) = % mod Z.
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2.3.2 Brauer—Manin Obstruction
Definition 16. Each element o € Br(X) defines a pairing:

eva: X(Ax) = Q/Z, (P) =) invy(a(P,)).

And the Brauer set:

X(Ag)Pr = ﬂ ker(evy,).

a€Br(X)

It is known that:
X(K) C X(Ax)” C X(Ag),

where X (K') denotes the closure of the set of global points in the adelic space.

Theorem 5. Let X C P% be a quadric hypersurface (defined by a quadratic form).
Then the following are equivalent:

1. X(Ag) # @ (existence of local points)
2. X(K) # @ (existence of a global point)

3. X(Ag)P # @ (vanishing of the Brauer-Manin obstruction)

Here we give a Proof sketch of this theorem, which involves some theorems in
Globle Class Field Theory.

Proof. e The equivalence (1) < (2) is the Hasse-Minkowski theorem.

e Since X is rational = Br(X)/Br(K) = 0, for any adelic point (P,) and any
a € Br(X), we have

Zinvv(a(Pv)) =0

v

(because « actually comes from Br(K), and global reciprocity ensures the sum
vanishes). Hence X (Ag)B" = X(Ak), so (1) & (3).
O
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