Representations and BCH formula

Hurui Yao

2025.04.13



Chapter 1

Basic Representation Theory

1.1 Representations

Definition 1.1.1. Let G be a matrix Lie group. A finite-dimensional complex representation of G
is a Lie group homomorphism

I: G — GL(V),

where V' is a finite-dimensional complex vector space (with dim(V) > 1). A finite-dimensional
real representation of G is a Lie group homomorphism I of G into GL(V'), where V is a finite-
dimensional real vector space.

If g is a real or complex Lie algebra, then a finite-dimensional complex representation of g is
a Lie algebra homomorphism 7 of g into gl(V'), where V is a finite-dimensional complex vector
space. If g is a real Lie algebra, then a finite-dimensional real representation of g is a Lie algebra
homomorphism 7 of g into gl(V).

If II or w is a one-to-one homomorphism, the representation is called faithful.

Definition 1.1.2. Let II be a finite-dimensional real or complex representation of a matriz Lie
group G, acting on a space V. A subspace W of V is called invariant if H(A)w € W for all
w e W and all A € G. An invariant subspace W is called nontrivial if W # {0} and W #V. A
representation with no nontrivial invariant subspaces is called irreducible.

The terms invariant, nontrivial, and irreducible are defined analogously for representations of
Lie algebras.

Definition 1.1.3. Let G be a matriz Lie group, let II be a representation of G acting on the space
V, and let 3 be a representation of G acting on the space W. A linear map ¢ : V. — W is called
an intertwining map of representations if

for all A € G and all v € V. The analogous property defines intertwining maps of representations
of a Lie algebra.

If ¢ is an intertwining map of representations and, in addition, ¢ is invertible, then ¢ is said
to be an isomorphism of representations. If there exists an isomorphism between V and W,
then the representations are said to be isomorphic.



Proposition 1.1.4. Let G be a matriz Lie group with Lie algebra g and let II be a representation
of G, acting on the space V. Then there is a unique representation © of g acting on V' such that

H(eX) — eﬂ(X)

for all X € g. We have

Ly et)

X =G

and
T(AXA™Y) = O(A)7(X)II(A) !
foral X egand Ac G

Proposition 1.1.5. 1. Let G be a connected matriz Lie group with Lie algebra g. Let 11 be a
representation of G and m the associated representation of g. Then I1 is irreducible if and
only if w is irreducible.

2. Let G be a connected matrix Lie group, let I1; and Iy be representations of G, and let 1 and
o be the associated Lie algebra representations. Then m, and wo are isomorphic if and only
if Iy and I1y are isomorphic.

Proposition 1.1.6. Let g be a real Lie algebra and gc its complexification. Then every finite-
dimensional complex representation w of g has a unique extension to a complex-linear representation
of gc, also denoted . Furthermore, 7 is irreducible as a representation of gc if and only if it is
irreducible as a representation of g.

Definition 1.1.7. IfV is a finite-dimensional inner product space and G is a matriz Lie group, a
representation Il : G — GL(V) is unitary if II(A) is a unitary operator on V for every A € G.

Proposition 1.1.8. Suppose G is a matriz Lie group with Lie algebra g. Suppose V is a finite-
dimensional inner product space, Il is a representation of G acting on V', and m is the associated
representation of g. If I1 is unitary, then 7(X) is skew self-adjoint for all X € g. Conversely, if G
is connected and 7(X) is skew self-adjoint for all X € g, then II is unitary.

1.2 Some Theorems about Representations of Lie groups

1.2.1 Complete Reducibility

Definition 1.2.1. A finite-dimensional representation of a group or Lie algebra is said to be com-
pletely reducible if it is isomorphic to a direct sum of a finite number of irreducible representations.

Definition 1.2.2. A group or Lie algebra is said to have the complete reducibility property if
every finite-dimensional representation of it is completely reducible.

Proposition 1.2.3. If V is a completely reducible representation of a group or Lie algebra, then
the following properties hold.

1. For every invariant subspace U of V', there is another invariant subspace W such that V' is
the direct sum of U and W.

2. Every invariant subspace of V' is completely reducible.

Theorem 1.2.4. If G is a compact matrix Lie group, every finite-dimensional representation of G
is completely reducible.



1.2.2 Schur’s Lemma
Theorem 1.2.5 ( (Schur’s Lemma)). Let G be a Lie group with a Lie algebra g. Then,

1. Let V and W be irreducible real or complex representations of G or g and let ¢ : V. — W be
an intertwining map. Then either ¢ =0 or ¢ is an isomorphism.

2. Let'V be an irreducible complex representation of G or g and let ¢ : V. — V be an intertwining
map of V with itself. Then ¢ = A\, for some \ € C.

3. Let V. and W be irreducible complex representations of G or g and let ¢1,¢2 1V — W be
nonzero intertwining maps. Then ¢1 = Ao, for some X € C.

Corollary 1.2.6. Let I1 be an irreducible complex representation of a matrixz Lie group G. If A
is in the center of G, then II(A) = M, for some A\ € C. Similarly, if © is an irreducible complex
representation of a Lie algebra g and if X is in the center of g, then w(X) = Al.

Corollary 1.2.7. An irreducible complex representation of a commutative group or Lie algebra is
one dimensional.

1.3 Representations of sl( 2; C ) and sl( 3; C)

1.3.1 Representation of sl( 2; C)
Consider a basis for s1(2; C):

0 1 0 0 1 0
o) =) b))

with commutation relations:

[H,X] = 2X,
[H,Y] = —2Y, (4.11)
[X,Y] = H.

Let V be a finite-dimensional complex vector space. If operators A, B, C on V satisfy:
[A,B]=2B, [A,C]=-2C, [B,C]=A4,
then the unique linear map 7 : s1(2; C) — gl(V') defined by:
m(H)=A, #n(X)=B, n(Y)=C,

is a representation of sl(2; C).

Lemma 1.3.1. Let u be an eigenvector of n(H) with eigenvalue oo € C. Then:
7(H)m(X)u = (o + 2)m(X)u,

so m(X)u is either zero or an eigenvector of w(H) with eigenvalue o + 2. Similarly:
m(H)m(Y)u = (a—2)m(Y)u,

and 7(Y)u is either zero or an eigenvector with eigenvalue o — 2.



Theorem 1.3.2. For each integer m > 0, there exists an irreducible complex representation of
s1(2; C) with dimension m + 1. Any two irreducible representations of the same dimension are
isomorphic. If w is such a representation, it is isomorphic to m,, defined in Section 4.2.

Theorem 1.3.3. Let (7,V) be a finite-dimensional representation of sl(2;C). Then:

1. Every eigenvalue of w(H) is an integer. If m(X)v = 0 for an eigenvector v with eigenvalue \,
then A is non-negative.

2. The operators m(X) and w(Y') are nilpotent.
3. The operator S = e™ X e~V em(X) satisfies:

St(H)S™ = —n(H).
4. If k is an eigenvalue of w(H), then so are —|k|, —|k| +2,...,|k| — 2, |k]|.

1.3.2 Representation of sl( 3; C)
We will use the following basis for sl(3; C):

1 0 0 00 0
H=|0 -1 0|, Ho={0 1 0],
0 0 0 00 -1
010 00 0 00 1
Xi=(0 0 0], Xo=[00 1], Xx3=1]0 0 o],
00 0 00 0 00 0
00 0 00 0 00 0
vi=[1 0 0], Ye=|0 o0 0|, vi=[0 0 0
00 0 100 010

Definition 1.3.4. If (7,V) is a representation of sl( 8; C),then an ordered pair p = (my,ms) is
called a weight for m if there exists v # 0 such that

w(Hy)v = myv, m(Ha)v = mav

A non-zero vector v satisfying m(H;)v = pv for i = 1,2 is called a weight vector corresponding
to the weight . The multiplicity of a weight is the dimension of its corresponding weight space.

Clearly, we can know that
1. Every representation of sl( 3; C) has at least 1 weight.

2. If (m, V) is a representation of sl( 3; C) and pu = (my,ms) is a weight of V', then both m; and
mg are integers.

Definition 1.3.5. An ordered pair o = (a1,as) € Z* is called a root if:

1. a1 and as are not both zero,



2. There exists a non-zero Z € sl(3;C) such that

[Hl,Z] :Cle, [HQ,Z] :CLQZ

The element Z is called a root vector corresponding to the root «.

Lemma 1.3.6. Let a = (a1,a2) be a root with root vector Z,, and let p = (my,ma) be a weight
with corresponding weight vector v # 0. Then:

m(Hy)(m(Za)v) = (m1 + a1)w(Za)v,  7(Hz)(m(Za)v) = (M2 + az)7(Za)v
Thus, either m(Zy)v =0 or w(Z,)v is a new weight vector with weight
w4 o= (mi+ a1, ms + az)

Definition 1.3.7. Let ay = (2,—1) and ag = (—1,2) be the simple roots from (6.4). For weights
11 and pa, we say py > po if p1 — po = aaq + bag with a > 0 and b > 0. This relation is denoted:

M1 2
A weight 1 is called a highest weight if it is mazimal under this ordering.
Theorem 1.3.8. For an irreducible representation (w, V') of sl(3;C):
1. 'V is the direct sum of its weight spaces: V = EB# Vi
2. There exists a unique highest weight A = (A1, \2)
3. The highest weight vector is unique up to scalar multiples

4. All weights satisfy A — p € Nag + Naw



Chapter 2

BCH Formula and its
Consequences

2.1 The Derivative of the Exponential Map

2.1.1 Adjoint Action on Lie Group and Lie Algebra

Definition 2.1.1. Let G be a matriz Lie group with Lie algebra g. The adjoint representation
(or adjoint action) of G is defined as the map:

Ady : G — GL(g), Ads(X)=AXA"!
for any A € G and X € g. Similarly, the Lie algebra representation ad : g — gl(g) is defined by:
adz(Y)=[2)Y]|=2Y -YZ VZ)Y €g.
Lemma 2.1.2 (Relation between Ad and ad). For any X € g, the following holds:
Ad,x = e2dx,

Specifically, the derivative satisfies:

d
—Ad.x(Y)] =adx(Y) VY eg.
dt 0
Ea:pressed as a power series:
o e (t . adx)k
Adgr = Y2 12T

k=0

2.1.2 Integral Expression of the Derivative

Lemma 2.1.3 (Derivative of Matrix Exponential). For any smooth matriz-valued function A(t),

the derivative of e*®) is:
1
4 aw _ / L1904 (AN aaw 44
at ; di



Proof. Expand eA(®) as a power series:

A(t)?
AW =T+ A(t) + (21) LT

Differentiate term-by-term and rearrange using the Beta function identity:

1 In/!
/ (1—9)"s"ds = L —
0 (m+n+1)!

This matches the series expansion of the integral expression. O

2.1.3 Derivative of the Exponential Map
Theorem 2.1.4 (Derivative Formula). For X,Y € g, the derivative of eXTY att =0 is:

3 _ X (I—ae—adx> (¥) = & (Y_ [X,Y] N (X, [X,Y]] _)

£6X+ty
dx 2! 3!

dt

More generally, for a smooth path X(t):

4 x) _ x (I=e™x0 (dX\\
dt adX(t) dt

Proof. Apply Lemma 2 with A(t) = X + tY. Using the relation Ad,-.x = e~ %X the integral

becomes:
1 %)
X 7sadx E adX Y
¢ /0 ¢ ( k+1 >( )

=0

This simplifies to the stated series expansion. O

2.2 The Baker-Campbell-Hausdorff Formula

Theorem 2.2.1 (Baker-Campbell-Hausdorff). For all n X n complex matrices X and Y with || X||
and ||Y'|| sufficiently small, we have

1
log(eXeY) - X +/ g (6adx6t-adY) (Y) dt,
0

where
log 2z

9(2) = = an(z— )"

1—2-1

m=0

Proof. For sufficiently small X and Y in M,,(C), define
Z(t) = log(eXe™)

for 0 <t < 1. And we use Thm 2.1.4 to compute Z(1). O



2.3 Group Versus Lie Algebra Homomorphisms

Definition 2.3.1 (Local Homomorphism). Let G and H be matriz Lie groups. A local homo-
morphism from G to H is a pair (U, f), where U is a path-connected neighborhood of the identity
i G, and f: U — H is a continuous map satisfying:

f(AB) = f(A)- f(B)
whenever A, B,AB € U.

Proposition 2.3.2 (Construction of Local Homomorphism). Let G and H be matriz Lie groups
with Lie algebras g and b, respectively, and let ¢ : g — b be a Lie algebra homomorphism. Define
a neighborhood U, C G by:

U={AcG|||[A-1I| <1 and|log Al <e}.
Then there exists € > 0 such that the map f: U, — H, given by:
F(A) = ez ),
s a local homomorphism.

Proof. Choose ¢ > 0 small enough that for any A € V, , where V. = Vs and U, = X ¢
M,(C),||X]|| < e, Aisin G if and only if log A is in g and for any A, B in U,, the BCH for-
mula holds for X =log A, Y = log B.
Then, if AB € U,
F(AB) = f(eer) = elon(e"en),

4
log(e®e?) = X +/ g(e?= et ) (V) dt
0

4
= ¢(log(e®e?)) = ¢(X) + / g(ede@et” o)) (¢(Y)) dt = log(e?@e?W), since ¢ is a
0
Lie algebra homomorphism, ad is a representation of gand g(z) => o ) am(z—1)™.
So, f(AB) = elos(e”™e?™) — c6(X)6(Y) = £(A) f(B) O

Theorem 2.3.3 (Global Extension of Local Homomorphism). Let G and H be matriz Lie groups
with G simply connected. If (U, f) is a local homomorphism from G to H, there exists a unique
global Lie group homomorphism ® : G — H that agrees with f on U.

Proof. We prove this thm by 4 steps:
1. Define ® : G — H along a path.
2. Prove the ® : G — H is independent of partition
3. Prove the ® : G — H is independent of the path with the same end points

4. Prove the ® : G — H is a homomorphism and agrees with f on U.



Theorem 2.3.4 ( Lifting Lie Algebra Homomorphisms). Let G and H be matriz Lie groups with
Lie algebras g and by, respectively, and let ¢ : g — b be a Lie algebra homomorphism. If G is simply
connected, there exists a unique Lie group homomorphism ® : G — H such that:

d(eX) =X VX ey

Corollary 2.3.5 ( Isomorphism of Simply Connected Groups). Suppose G and H are simply
connected matrix Lie groups with Lie algebras g and Y. If g is isomorphic to b, then G is isomorphic
to H.

Theorem 2.3.6 ( Decomposition of Simply Connected Groups). Let G be a simply connected
matriz Lie group with Lie algebra g. Suppose g decomposes as a Lie algebra direct sum g = b1 @ bho,
where by and ho are subalgebras. Then there exist closed, simply connected subgroups Hy and Hs

of G with Lie algebras by and ha, respectively. Moreover, G is isomorphic to the direct product
Hl X HQ.



